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Abstract Establishing corresponding features on two
non-rigidly deformed 3D surfaces is a challenging and

well-studied problem in computer graphics. Unlike pre-

vious approaches that constrain the matching between

feature pairs using isometry-invariant distance metrics,

we constrain the matching using a discrete connectivi-
ty graph derived from the Morse-Smale Complex of the

Auto Diffusion Function. We observed that the graph

remains stable even for surfaces differing by topology

or by significant deformation. This algorithm is simple
to implement and efficient to run. When tested on a

range of examples, our algorithm produces compara-

ble results with state-of-art methods on surfaces with

strong isometry but with greatly improved efficiency,

and often gets better correspondences on surfaces with
larger shape variances.

Keywords Point matching · Correspondence · Morse-

Smale complex

1 Introduction

Identifying corresponding feature points on two surfaces

is one of the fundamental problems in computer graph-
ics and vision, and has important applications such as

registering anatomical structures in medical imaging.

While humans are adept at this task, it is extremely

challenging for computers to achieve the same accura-
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cy and efficiency, particularly for shapes that differ by
a non-rigid deformation.

There have been significant efforts in the past in de-

veloping automated algorithms for non-rigid correspon-

dence finding (see reviews in the next section). These

algorithms have been mostly successful for surfaces that
are either close-by in Euclidean space, or differ by an i-

sometric deformation (e.g., articulation) that preserves

geodesic distances between surface points. However, ef-

ficiently and accurately finding correspondences for sur-
faces that exhibit notable differences in shape (e.g., the

dinosaurs in Figure 1 top) and even topology (e.g., the

hands in Figure 1 bottom) is still challenging.

In this work, we present a new algorithm for finding

feature correspondences for non-rigidly deformed sur-
faces, which we have observed to perform robustly and

efficiently in various tests (e.g., Figure 1). Like sever-

al previous methods [1,13,28,27,6], we constrain the

matching problem using spatial relations among fea-
tures points. However instead of using isometry-invariant

distances (e.g., geodesic distances), we use a topologi-

cal graph that encodes the connectivity among feature

points as our constraints. The graph, as well as the fea-

tures points, are derived from the Morse-Smale Com-
plexes (MSC) of an isometry-invariant function [11,29]

over the surface. We have observed that the MSC of

such function is stable even for surfaces with fairly large

shape variances, where typical isometry-invariant dis-
tances are not sufficient to constrain the matching. Al-

so, the MSC-based graph contains a sparse (but essen-

tial) set of pair-wise connectivity among the feature

points, which has better discriminative power and en-

ables more efficient computation.

Our main contribution is that we propose a new con-

nectivity between feature points based on MSC, which

is more discriminative and stable under significant de-
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Fig. 1 Feature correspondences on surfaces with varying
shape (top) and topology (bottom).

formation. We also propose a local correction process

that reduces errors due to symmetry, which is common
in similar approaches. This approach is efficient, simple

to implement, and has no restriction on the shape or

topology of the surface.

We test the algorithm on various examples including
those in the SHREC benchmarks [12,3], and compare

it with several state-of-art methods. We have observed

that our algorithm gives comparable results as these

methods on models exhibiting strong isometry, and of-
ten outperforms on models with large shape variances.

In addition, our algorithm completes in a matter of sec-

onds, whereas other methods would typically take min-

utes to compute.

2 Related Work

We are finding point correspondences between surfaces
which we focus here. More types of correspondence prob-

lem please refer to a recent survey ([15]).

Feature point identification There are many method-
s for identifying salient point locations on surfaces for

the purpose of matching. To withstand deformations

such as articulated motion, typical choice of features

are critical points of some isometry-invariant functions

over the surface, such as eigenfunctions of the Laplace-

Beltrami operator [25], the average geodesic distance

function [16,17], and the Auto Diffusion Function (AD-

F)[11] (a.k.a the Heat Kernel Signature (HKS)[29]). In
this paper, we consider the critical points of the ADF

(as done similarly in several recent works like [27,21,

28]), due to its observed stability on surfaces with simi-

lar shapes. However, other than using only maxima, we
use all critical points and we have observed that some

of them are still stable under significant deformation.

Feature correspondences Finding correspondences be-

tween two sets of feature points is an ill-posed problem,

since the local shape at different feature points can of-

ten be similar. As a result, additional constraints on the
global relation between the features must be imposed

to make the problem trackable.

Under the typical assumption of isometric deforma-

tion (e.g., articulated motion), different kinds of con-

straints have been used in previous works. Zhang et

al. [33] evaluates the quality of correspondence by the

distortion of the shape after a deformation in the Eu-
clidean space guided by the corresponding points. In

a similar vein, Lipman and Funkhouser [19] and later

Zeng et al. [32] consider deviation of the features after

a Mobius transformation in the parametrization space
defined by three feature points.

Another common type of isometry-invariant con-
straint is geodesic distance. That is, a correspondence

that best maintains the pair-wise geodesic distances a-

mong feature points is preferred. Methods exist that

either embed the shapes in a higher-dimensional space
that captures the geodesic distances [14], or impose the

geodesic constraints during matching [1,13,28,30]. Note

that Huang et al. [13] uses a similar spectral method

[18] in their graph-matching framework, although a d-

ifferent graph is adopted in our work.

Since geodesic distances can be unstable under topo-
logical changes of the surface, they are not suitable for

matching features on similar-looking surfaces but with

different genus. To address this deficiency, diffusion dis-

tances constraints have been recently adopted in place

of geodesic distances for more robust feature matching
[27,6]. Diffusion distances, first introduced by Coifman

and Lafon [8], describes the probability of a path from

one point to another on the surface via random walk-

s. Such distances are observed to be less sensitive to
topological changes than geodesic distances.

Rather than using isometry-invariant distance met-
rics as in previous works, we explore the use of a topo-

logical connectivity among the feature points as con-

straints for matching. We observe that such connectivi-
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ty, which is invariant under isometry, is also quite stable

even when geodesic or diffusion distances are not, and

is more discriminative.

MSC and geometry processing Morse Smale Complex

(MSC) comes from Morse theory ([20]) which charac-

terizes full behavior of scalar field defined on manifold,
especially the topological structure of the scalar field. It

has been found uses in many surface processing tasks,

such as quadrangulation [9], scalar field smoothing [31],

and segmentation [24]. To the best of our knowledge,
MSC has not yet been used to for finding feature cor-

respondences on surfaces.

3 Overview

Our approach is to search coarse correspondences be-

tween two surfaces possibly differing by significant de-
formation. The corresponding points capture the fea-

tures of the surfaces, thus they are meaningful for some

applications. For example, they can be used as mark-

ers for establishing dense correspondences or for cross-

parametrization. This approach is efficient and is not
limited to surfaces of particular genus or type.

Fig. 2 An incomplete graph versus a complete graph.

Our key idea is to propose discriminative and sta-

ble connectivity between points, which are derived from

Morse-Smale Complex (MSC), to drive the matching

of these points as a graph matching problem. There
are two major advantages for this connectivity: firstly,

it captures the essential relations betweens the points,

which is more discriminative, compared to the other t-

wo commonly used connectivity (geodesic or diffusion

distance), which usually generate a complete graph. As
an example, there will be many matching results for a

complete graph to match to another complete graph of

the same number of nodes as in Figure 2 right, regard-

less of the differences of the points. For example, we
can rotate the graph by 60◦ and have another match-

ing result. On the other hand, our connectivity is sparse

which generates an incomplete graph, e.g. as in Figure 2

left, and the result is unique if it is matched to a graph

of the same connectivity, if only rotation is allowed. The

main improvements are from the fact that differences of

the connectivity (e.g. the valence of the nodes) would

distinguish correct candidates from incorrect ones, or at
least reduce the candidate numbers. As a real example,

we are able to match a cat and a dog (Figure 3) by set-

ting all node differences ineffective (H(a) = 1.0, Section

5), in which case we use only the connectivity and node
type, while using geodesic or diffusion distance with n-

ode type we could not get the correct result. Note that

though some other results could be matched with this

configuration, we only use it here. Secondly, this con-

nectivity is less sensitive to non-isometric deformations,
which allows us to match surfaces differing by signifi-

cant deformation, providing that the distribution of the

points remains. On the contrary, the geodesic or diffu-

sion distance degenerate much faster to non-isometric
deformations. The comparisons are given in the result

section.

A key issue of this approach is to sample the points

at the features before constructing the connectivity.

Fortunately, we are using Auto Diffusion Function (AD-
F) to construct the MSC, whose critical points are claimed

to capture the features ([11]). More details and the way

we construct the connectivity (thus the graph) will be

given in the next section. The matching algorithm is
given in Section 5, followed by comprehensive evalua-

tions and comparisons in Section 6.

Fig. 3 Matching a cat and a dog with connectivity.

4 Feature Graph

Our key idea is to constrain the matching of feature

points with a connectivity graph that is stable for sur-

faces with similar feature distribution. However this ap-

proach relies heavily on how to sample the points, which
is highly related to an isometry invariant scalar func-

tion (ADF). We will briefly review ADF and how we

sample points first. Then we detail the construction of
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the feature graph, which includes the construction of

the graph and the attributes assignment for the graph

elements.

4.1 Auto Diffusion Function and Point Sampling

The Auto Diffusion Function (ADF) was independently
proposed by Gebal et al. [11] and Sun et al. [29]. It is a

solution to the heat equation

(△x + ∂t)u(x, t) = 0

where △x denotes the Laplace-Beltrami operator (L-
BO) acting on spatial variable x and t ∈ [0,∞) is the

time variable. The initial condition for this equation is

u(x, 0) = δ(x) where δ(x) is the Dirac delta function

at position x. This solution K can be expressed in the

terms of LBO eigensolutions as:

K(x, x, t) =

∞
∑

i=0

e−λitφ2
i (x)

where 0 = λ0 ≤ λ1 ≤ · · · are the eigenvalues of LBO

and φi are the corresponding eigenfunctions. To make

this function scale invariant, it is normalized by dividing

the exponential by the second eigenvalue and ADF is
defined as:

ADFt(x) = K(x, x,
t

λ1
) =

∞
∑

i=0

e
−t

λi
λ1 φ2

i (x) (1)

This normalization is valid as long as the object is com-

plete and for partial objects a more sophisticated nor-
malization method can be adapted ([7]).

In a nutshell, ADF computes how much heat is left

at a surface point after diffusing a unit amount of heat

at this point to the rest of the surface over a given pe-

riod of time t. The local extrema of ADF are typically
located at tips of features on the surface, and the s-

cale of these features corresponds well to the value of

t ([11]). In our experiments, we typically use t = 0.5

for coarse scale features and eigens with e−t
λi
λ1 < 0.01

are used ([11]). One could use as small t as possible

to get more critical points, but at the risk of getting
poor correspondences or damaging the connectivity we

propose. As we show different choices of t in Figure 5,

points near eyes of the two heads of t = 0.2 (second

row) are poorly located because for this finer scale they

correspond to different features, and points at the cheek
(in rectangle) miss corresponding points which will cre-

ate different connectivity for the two shapes and make

the connectivity less discriminative. Note that differen-

t choices of t can be made if matching of features at
different scales is desired.

The ADF has a number of properties that make it

suitable for matching in our graph-based framework.

t = 1.5 t = 0.5

t = 0.2 t = 0.2

Fig. 5 ADF and sampled points with different t. Note that
in the second row, points at the cheek of the right head (in
rectangle) have no corresponding points on the left head.

Firstly, with the choice of a large t and small number
of eigens (typically < 10), the function is generally very

smooth, and hence the MSC has a compact structure

with few spurious points and connectivity. Secondly, the

ADF is invariant under isometric deformations, which
means that if we are matching two isometric-deformed

objects, their ADF should be identical, and so do the

feature graphs. Thirdly, the critical points locating in

features ensures our correspondences found are mean-

ingful.

The last two properties are especially useful in sam-

pling the candidate points. It was observed previously
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Fig. 4 The correspondence algorithm: given two input meshes, we compute ADF on the surfaces (shown in heat color) and
their MSC (maxima, minima and saddles are marked in red, blue and green). All other figures use this color setting. We
construct two feature graphs with nodes at the critical points and arcs from the integral lines of MSC, and perform matching
of the two graphs to derive correspondences of the feature (critical) points. The purple lines are the extra added paths.

([5]) that, even under larger shape variances, the lo-

cal maxima of ADF are still quite stable choices for
candidates, and hence have been considered in sever-

al recent algorithms [27,21,28]. In our experiments, we

have found that the local minima and saddles of AD-

F are also stable except for those at the center of the

objects where the scalar values are close to the glob-
al minimum of ADF. Nevertheless, the connectivity of

these critical points in the MSC remains stable in many

near-isometric deformations. In addition, while maxima

only appear at the extremities on a surface, the inclu-
sion of minima and saddles gives a more uniform sample

coverage, which is useful for downstream application-

s such as cross-parametrization. As a consequence, we

consider all critical points of ADF as our feature points,

and there is a similar approach [25], which discuss the
properties of using all critical points of eigenfunctions

of Laplace-Beltrami operator, which is essentially simi-

lar to ADF. We will show in the result section that the

sampled points are stable under extreme affine transfor-
mations tested on the SHREC benchmark models. As

an example, Figure 4 shows the ADF over two surfaces

as well as their critical points. Note that the number of

sampled points is not necessarily the same, especially

for surfaces of different genus.

4.2 Feature Graph Construction

We construct a MSC for each surface from the sam-

pled critical points. The critical points are identified by
finding the lower and upper stars from one-ring neigh-

borhood ([10]). Critical points are connected by in-

tegral lines which are maximal paths whose tangent

vectors agree with the gradient. We would also apply

persistence-based pruning with a persistence threshold
of 0.002 if the surface is noisy. We refer readers to de-

tailed description of MSC in [10] and to a robust com-

putation of MSC on a triangular mesh in [4]. Note that

the stable/unstable manifold ([10]), or called ascend-
ing/descending manifold in [4], does not mean that the

MSC is stable or unstable. The construction of MSC

is stable because of the smoothness of ADF and well-

defined persistence. However there is a problem that

there may have ambiguity in constructing integral lines
of MSC and it would devastate our results, which will

be detailed and tackled next. Given a pruned MSC, we

derive a feature graph as follows:

Nodes: A node v in the graph is a critical point in the

pruned MSC, and is associated with two attributes. The
first attribute is the type of the critical point (maxi-

mum, minimum or saddle), denoted as t(v), which will

be used to enforce matching of critical points of the
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same type. The second attribute is a descriptor of the

local shape around the point vi, which will be used

to match features of similar appearances. While there

are many such point-wise descriptors available (e.g. [26,

29]), we found that the scalar values of ADF, f(v), are
good enough in our examples to yield correct corre-

spondences, because of the discriminative power of the

connectivity. Note that this descriptor is a simplified

HKS, and could easily be replaced by HKS or other
point signatures to make a more practical system.

Arcs: The feature graph initially includes all integral

lines in the MSC as its connectivity or arcs. However

due to rule that a simple saddle could connect to at
most two maxima, if there are multiple potential max-

ima for a saddle, a small perturbation could result in

different connectivity in constructing the integral lines.

For example, in Figure 6, saddle 2 could equally con-

nect to maxima 3 or 5, besides maximum 1, so there
are two possibilities in constructing the MSC (Figure

6 top). We resolve this ambiguity by connecting all as-

cending/descending paths, i.e., for every saddle, we try

to find a ascending path to every maximum whose s-
calar value (value of ADF for this point) is larger than

the scalar value of this saddle, and try to find a descend-

ing path to every minimum whose scalar value is smaller

than the scalar value of this saddle, as in Figure 6 bot-

tom. Note that this would not significantly increase the
number of arcs thus still retain the discriminative pow-

er of the connectivity but will successfully resolve the

ambiguity problem. For example, in Figure 6, saddle 4

would never connect to maximum 1 because the scalar
value of saddle 4 is larger. Besides even if saddle 4 has

smaller scalar value, it may not connect to maximum 1

due to the topology of ADF. Especially in a ADF with-

out such arc ambiguity, no new arc will be added. This

is what we get in large part of our experiments and can
be found in the result in Figure 11.

In practice, the desired paths could be ”cut off” due

to small variances in the function. However since we are
matching two surfaces with similar ADF, one integral

line in one surface would imply that the corresponding

integral line are highly possible to appear in the other

surface. Thus if the ADF is slightly perturbed, these

ascending/descending paths are highly possible to ap-
pear and a natural way of perturbation is smoothing

the ADF. Specifically, we construct a series of func-

tions {f0, f1, · · · , fN−1} for a given N (10 in our imple-

mentation) where f0 is the ADF and fi+1 is a Guassian
filtered result of fi. We connect a saddle v1 with a max-

imum (or minimum) v2 if there exists an ascending (or

descending) path between v1, v2 in any of fi, and as-

1

2
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4
5

1

2
3

4
5

1

2
3

4
5

Fig. 6 Example of adding paths (the function is shown as the
height of the surface). The top two figures are two possibilities
of integral lines in the MSC construction. The bottom figure
is the graph of connecting all ascending paths.

sociate it with an arc weight that will be used as its
importance for matching:

w(v1, v2) =
N − k

N
(2)

where k is the smallest index such that an integral

line exists between v1, v2 in fk. Intuitively, a smaller k

means the path has higher possibility to show up after

perturbation of the function. Note that the smoothing
could destroy some of the critical points and make the

function ”drift” ([31]). We use the critical points from

original ADF and use a small smoothing step (0.1 in

our experiments). Also note that w is bounded between
[0, 1], and each existing arc from MSC has w = 1.

Another way of constructing the function series is

using different t’s. However it suffers the same drifting

and different point distribution problem as smoothing
the ADF (Figure 5), or even worse. It is easier for us to

control these problems by using small smoothing step,

so we do not use different t for constructing ADF scales.

As a real example, Figure 4 shows part of the feature
graphs on the two surfaces. Graph arcs added by find-

ing new ascending/descending paths are colored purple.

Note that the saddle number 10 is connected to differ-

ent maxima on the two surfaces in the original MSC

(number 11 on one surface and number 14 on the oth-
er). Using our scheme, this saddle is connected to all

three maxima on the heads in both feature graphs by

arcs with large arc weights, indicating that they are all

likely to appear on a slightly perturbed ADF. On the
other hand, a path connecting saddle 10 and maximum

2 has low weight, indicating that it is less likely to ap-

pear.
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5 Graph Matching

The feature graph captures the local shape and connec-

tivity among the feature points on a surface. The cor-

respondence problem now reduces to one that seeks the

best matching between two feature graphs, measured by
compatibility of both their connectivity and attributes.

In the following, we first formulate the matching prob-

lem, which is then solved efficiently using a well-known

spectral technique. Due to presence of symmetry, the

matching result may contain errors, which we mitigate
in a final post-processing step.

5.1 Problem Statement

Consider two feature graphsG1 = {V 1, E1}, G2 = {V 2, E2}.

We seek a collection of assignments A where each as-
signment consists of a pair of two nodes {v1i ∈ V 1, v2j ∈

V 2}. To enforce one-to-one mapping, we ask nodes in

all assignments to be disjoint. The goal is to find such

A that maximizes a matching score defined as

α
∑

a∈A

H(a) + (1 − α)
∑

a,b∈A

H(a, b) (3)

where α is a balancing weight, H(a) for assignment a =

{v1i , v
2
j } scores the matching of the two nodes v1i , v

2
j , and

H(a, b) for assignments a = {v1i1, v
2
j1}, b = {v1i2, v

2
j2}

scores the matching of the arcs (if existing) between

v1i1, v
1
i2 in E1 and between v2j1, v

2
j2 in E2.

More specifically, the node matching score is defined
based on the types and scalar values of the nodes as:

H(a) =

{

0 if t1(v
1
i ) 6= t2(v

2
j ),

1− (
‖f1(v

1

i )−f2(v
2

j )‖

R
)0.5 otherwise.

Here f1, f2 denote the two ADFs, t1, t2 denote the n-
ode types in the two graphs, and the normalization term

R = maxu∈V 1,w∈V 2 ‖f1(u) − f2(w)‖ ensures the range

ofH(a) to be within [0, 1]. Intuitively, the higher the H ,

the more similar the local shapes around the two nodes
are. The square root in H(a) will make the differences

between close signatures larger. We further prune cor-

respondence a when H(a) < ǫ, that this assignment to-

gether with its row and column will be eliminated from

matrix M (see Section 5.2). We use typically ǫ = 0.6 for
matching isometric deformed objects for corresponding

points’ signatures will be very close and this is enough

to prune a large number of incorrect correspondences

without the risk of pruning the correct ones. For match-
ing non-isometric deformed objects that corresponding

point signatures could be of large difference, we use

ǫ = 0.2.

The arc matching score is defined by

H(a, b) =







0 if {v1i1, v
1
i2} /∈ E1

or {v2j1, v
2
j2} /∈ E2,

w1(v
1
i1, v

1
i2) ∗ w2(v

2
j1, v

2
j2) otherwise,

where w1, w2 are the arc weight functions in the two

graphs. Intuitively, the higher the H(a, b), the more

likely it is for both node pairs v1i1, v
1
i2 and v2j1, v

2
j2 to

be connected by arcs in the feature graphs on the re-

spective surfaces. One could multiply H(a, b) by the

difference of arc length to respect more geometry of

the surfaces. However we have found no significant im-

provement by doing so. Note that some points may be
unmatched, e.g. due to the #V 1 and #V 2 are different,

and they will not appear in our results of correspon-

dences.

5.2 Spectral Matching

We solve the graph matching problem above using the

spectral technique proposed by Leordeanu and Hebert

[18], which avoids the combinatorial explosion inherent
to the correspondence problem by exploring the spec-

tral properties of a weighted adjacency matrix.

Specifically, consider a square matrix M where the

number of rows (columns) is |V 1| × |V 2|. That is, each
row (column) of M represents a possible assignment

between a node in V 1 and a node in V 2. At a position

in M where the row represents some assignment a and

the column represents some assignment b, set the val-

ue at that position as H(a) if a, b represents the same
assignment, and H(a, b) otherwise, where H are node

and arc matching scores defined above. Note that after

pruning assignments for which H(a) < ǫ, the size of

M becomes much smaller which allows more efficient
matching. According to Perron-Frobenius theorem, the

principal eigenvector x∗ of M is the solution to the

graph matching problem ([18]). Each value in x∗ indi-

cates how likely is an assignment to be part of a cluster

of assignments with maximal inter-cluster matching s-
core. To find assignments A, a fast, greedy selection

approach is used. It starts from the highest value in x∗,

adding the corresponding assignment to A, and then

sets all entries in x∗ whose corresponding assignments
share a common node with the newly added assignmen-

t to 0. The process is repeated until no more non-zero

value exists in x∗.

5.3 Order Correction

Another way of considering the better discriminative

power in Figure 2 is that the incomplete graph is less
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symmetric than the complete graph. Switching two points

with the same connectivity (thus are symmetric) would

have the same maximum in (3). Thus reducing the sym-

metry in the feature graph would reduce the number of

wrong solutions which would have the same maximum
as the correct solution and has better chance of get-

ting the correct solution. However symmetry in object

would inevitably give us symmetric feature graphs and

then potentials to get symmetric parts switched results.
We propose a simple, local, iterative procedure con-

sidering orders of arcs from nodes. It is different from

previous method (e.g. in [33]) that it requires less ge-

ometric information so that it is suitable for tasks of

matching surfaces differing by significant deformation
as we do. Specifically, for each assignment of corre-

sponding nodes a = {v1i , v
2
j } computed above, we con-

sider the neighboring nodes of v1i in G1 whose corre-

sponding nodes in G2 are also neighbors of v2j , and
denote these two sets of corresponding neighbors as

{N1
i , N

2
j }. We mark the assignment a as incorrect if

|N1
i | > 2 and if the cyclic ordering of the arcs connect-

ing N1
i with v1i is different from those arcs connect-

ing corresponding nodes in N2
j with v2j . We maintain a

queue of incorrect assignments, ordered by the decreas-

ing value in their entry in the eigenvector of matrix M

in spectral matching. At each iteration, we take the first

assignment from the queue, re-assign the nodes in N2
j

to those in N1
i so that the arc ordering is identical, and

update the queue by adding or removing assignments

whose correctness is affected by the re-assignment. To

ensure termination, we require that each node in G1 is

visited at most once.
Note that the swapping procedure is limited to cor-

rect local ordering mismatches. Its success is not al-

ways guaranteed, and it cannot resolve more global er-

rors due to large symmetric shape parts. However, we
have found that the procedure works very well on the

feature graphs in our tests, particularly for correcting

mismatching of symmetric features (see Figure 7 for an

example), which typically appear as incorrect arc or-

dering around isolated nodes after spectral matching.

6 Results

We now investigate the performance of the proposed ap-

proach on various examples and compare it with state-
of-art methods. First, we examine in Figure 8 the vari-

ance of results under difference choices of the balance

parameter α in Equation 3. Note that correct result-

s are obtained for a large range of α, and the quality
deteriorates only at extremely large values of α. This

indicates that the arc connectivity of the graph (the

H(a, b) term in Equation 3) is a strong constraint that

Fig. 7 Correspondences on two starfishes before (first row)
and after (second row) order correction.

is the main contributor to obtain the correct correspon-

dences. We use scalar value as signature in this work
only to demonstrate the discriminative power of the

proposed connectivity. One could replace the point sig-

nature with more discriminative signatures and make a

more practical system. For example we use HKS in Fig-
ure 9 and the direct HKS matching results are greatly

improved compared to the direct matching in Figure 8

(α = 1), with two points mismatched due to symmetry.

By augmenting HKS with the proposed method, we can

achieve the correct result. For HKS, we use 50 eigens
and time interval [0.1, 4] which was uniformly sampled

10 intervals in the logarithmically scale. Note that for

the two direct matchings (α = 1 in Figure 8 and HKS in

Figure 9), we use standard Hungarian algorithm ([22]).

α = 0.0001 α = 0.5

α = 0.9 α = 0.999

α = 0.99999 α = 1

Fig. 8 Matching with different α values. Wrong correspon-
dences are marked with red rectangles.
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HKS HKS + connectivity

Fig. 9 Matching with HKS. In the left the points are
matched directly using HKS and in the right HKS is aug-
mented with the proposed method. Wrong correspondences
are marked with red rectangle.

We next focus on comparing our connectivity-based

constraints with commonly used constraints: geodesic

and diffusion distances. To do so, we modify our arc
matching score H(a, b) in Equation 3 to be one that is

based on all-pair distances:

H(a, b) = exp(−
1

σ2
(
d1(v

1
i1, v

1
i2)− d2(v

2
j1, v

2
j2)

d1(v1i1, v
1
i2) + d2(v2j1, v

2
j2)

)2) (4)

where d1, d2 are pairwise distances on the two surfaces

in either geodesic or diffusion metric. The formula fol-

lows that of the diffusion distance in [27], where σ = 0.5

is suggested. The rest of the algorithm is left unchanged
(including order correction). We compare the resulting

correspondences using the three different H(a, b), based

on respectively our feature graph connectivity, geodesic

distances and diffusion distances, on four different ex-

amples with increasing shape variance in Figure 10.
Note that when the two surfaces exhibit strong isome-

try (e.g., the two hands), all three types of constraints

work very well. As the shape variances become larger,

the correspondences constrained by either geodesic or
diffusion distances may contain large errors, while those

constrained by our feature graph connectivity remains

satisfactory.

To gain a better understanding of the stability of our

feature graphs, we show in Figure 11 (top two rows) the
result of matching one hand (top left) to a sequence of

deformed hands from that first hand, with and with-

out using order correction, and plot the corresponding

matrices M (third row). Note that in this result there
is no arc ambiguity and no new arc is added, so the

arc weight is either 1 or 0. The off-diagonal part s-

tays the same, indicating the stability of the feature

graph in this deforming sequence. As a result, as the

two shapes differ more and more, the correspondences
deteriorate slowly with the difference of point signature.

When compared with the matrices using geodesic dis-

tances as constraints instead (bottom row), we observe

that M , especially the off-diagonal part, changes signif-
icantly in this sequence (see the black square and the

variance matrices), indicating more drastic changes in

the pairwise geodesic distances. As a result, the quality

of correspondences using geodesic constraints (fourth

and fifth row) exhibit faster deterioration.

In Figure 12, we further compare our method with

the Möbius voting method of Lipman and Funkhous-
er [19] on human models from SHREC 2007 Water-

tight Benchmark ([12]). These human models exhib-

it similar shape structures, but have relatively large

shape variances between each other since they are de-

picting different characters. Note that the Möbius vot-
ing method produces denser correspondences while ours

are sparse. However correspondences can be expand to

arbitrarily dense with an extra cross-parametrization

step using these sparse but prominent feature points.
We will give examples later (Figure 15). In our opin-

ion, our correspondences are better than the result-

s of Möbius voting in three ways: firstly, our corre-

spondences capture prominent shape features, while in

Möbius voting some prominent features are not corre-
sponded (e.g. some feet have no correspondence). Sec-

ondly, our correspondences are consistent that all hu-

man models have (nearly) the same feature correspon-

dences, while in Möbius voting correspondences are d-
ifferent for different human models. Last but not least,

our correspondences are more accurate in term of point

location. For example, in the first result of Möbius vot-

ing, points on the left foot of the man are corresponded

to points on the left crus of the woman. Indeed there
are some inconsistent and inaccurate correspondences

in our results around the waist line of the human mod-

els, which will be explained next.

Obviously, our method does not always produce cor-
rect results. One common error in our correspondences

are around feature points at the center of the objects or

points with scalar value close to the minimum of ADF,

such as those on the waistline in the human models in

Figure 12. The critical points of ADF in these places
tend to be much less stable than others, resulting in

often large drifts of feature point locations, as visible

in Figure 12. A strategy of getting high quality corre-

spondences is removing those of both points’ scalar val-
ues below a threshold. One future direction would be

considering better selection of critical points as candi-

dates for feature matching. Nevertheless, other critical

points are stable, even under significant deformation.

This is further exhaustively tested using SHREC’11
Correspondence Benchmark ([3], Figure 13). Note that

the points on the shoulders and between the legs (all

saddles) correctly appear in all human models in Fig-

ure 12 13, even under extreme affine transformations.
Also, the order correction procedure cannot always cor-

rect wrong correspondences due to symmetric features,

such as that between the left and right legs (Figure 13).
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Fig. 10 Comparisons of matching results where the feature constraints are all-pair geodesic distances, all-pair diffusion
distances, and the connectivity of our feature graph. The examples are ordered by decreasing isometry and shape similarity.
Wrong correspondences are marked with red rectangles.

Our method works for general surfaces and is not

limited to particular types of shapes or topology. For
example, in Figure 14, we match both natural and CAD

objects with non-zero genus. Matching between objects

with different genus can also be robustly performed,

as shown in Figure 1 (see accompany video for more
relevant results).

Finally, to demonstrate the utility of our point cor-

respondences, we show examples of cross-parameterization

and texture transfer in Figure 15, guided by the cor-

respondences as well as the structure of MSC. After

graph matching, we prune unmatched points using M-
SC pruning to one of the original MSC which constrains

the matched points. By using this pruning, the quadri-

lateral structure of the patches is retained. We then

copy this MSC structure to the other MSC with the
help of corresponding points ([23]). Since the two M-

SC graphs are topologically similar, we can only re-

move small amounts of non-corresponding integral lines

and add corresponding new ones. In this way, the two

MSCs divides the surfaces into corresponding quadri-
lateral patches (shown in the first two rows of Figure

15). We then apply the parametrization method in [9]

with local stiffening ([2]) to establish mapping between

the patches, which further allows transferring of tex-
ture coordinates (shown in the last two rows of Figure

15). Although we are to find coarse correspondences

on surface, this transferring of texture coordinates can

be thought of as continuous correspondences, in which

arbitrary dense point correspondences can be sampled.

Timing: Our implementation is carried out on a PC
with Intel Core 2 2.80GHz and 3G RAM. The pro-

posed method is efficient and the whole matching takes

seconds to finish. Computing ADF involves a eigende-

composition of the Laplacian matrix, which typically
takes 3s for a 50k triangular mesh (we only need a s-

mall amount of eigenvalues and eigenvectors). It takes

less than 1s to extract MSC and another 2.5s to build
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Fig. 14 Matching non-zero genus surfaces.

the feature graph. The graph matching and reordering

is irrelevant to mesh resolution, and in all our experi-
ments they take less than 0.5s. As comparisons, other

methods (e.g. [33,19,32]) will typical take several min-

utes or even more.

7 Conclusion

In this paper, we present a simple and effective method

for finding non-rigid correspondences between feature

points. The core of the method is constraining the prob-
lem using a novel topological graph that is not only in-

variant under isometry but also observed to be stable

for shapes of large variances and topological differences.

The other advantage of this graph-based algorithm is
its efficiency, thanks to the sparsity of the graph.
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Fig. 11 Matching results and matrices M between one hand (top-left) and a deforming sequence of hands using our feature
graph connectivity (top three rows) and geodesic distances (bottom three rows) as pairwise feature constraints. Order correction
is not used in the first and fourth row and is used in the second and fifth row to give an understanding of the effect of order
correction. Wrong correspondences are marked with red rectangles. A portion of visible changes in M for geodesic distance
constraints is marked with black rectangle. The variances of M in which each element is |maxvalue−minvalue| in the morphing
sequence are shown at the first column of rows 2 and 4.
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Fig. 12 Comparison of our method (second and fourth rows) with Möbius voting method (first and third rows) using human
models from SHREC 2007 Watertight Benchmark.



Feature Correspondences using Morse Smale Complex 15

Fig. 13 Two classes of correspondences from Shrec’11 correspondence benchmark. The null shape with its’ critical points
(CPs) of MSC and HKS are in the left, which is matched with other ten shapes. Note that the circled points’ corresponding
points only appear in the affine 2-5 results. We fail to correct the order in four of the results, and these wrong correspondences
are marked with rectangles.


