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Abstract

Building surfaces from cross-section curves has wide applications ingumimmedical modeling. Previous work
in this area has mostly focused on connecting simple closed curves dieparass-sections. Here we consider
the more general problem where input data may lie on non-parallelsegestions and consist of curve networks
that represent the segmentation of the underlying object by differetgriaeor tissue types (e.g., skin, muscle,
bone, etc.) on each cross-section. The desired output is a surfaverkehat models both the exterior surface
and the internal partitioning of the object. We introduce an algorithm that isabépof handling curve networks
of arbitrary shape and topology on cross-section planes with arbitraigntations. Our algorithm is simple to
implement and is guaranteed to produce a closed surface network thgtafates the curve network on each
cross-section. Our method is demonstrated on both synthetic and bicahexhmples.

1. Introduction —
Reconstructing a complete surface from incomplete data is -
a topic of wide interest in geometry processing. A common
case of this is planar curves that represent cross-sections of
a complete surface. In bio-medical modeling, for instance,
contours of an anatomical structure are drawn by physicians
on 2D images (such as in freehand ultrasound) or on slices
of a 3D volume (such as MRI and CT scans), and a sur-
face connecting these contours is sought which represents
the structure in 3D. An example is shown in Figdréa) for

a human Parotid gland obtained from a CT volume.

Surface reconstruction from cross-section curves has been
extensively studied for the past three decades. Previous
work mostly considers connecting curves on parallel cross-
sections (e.g., Figuré(a)), where many solutions exist (see
a brief review in Section 2). Here we are interested in the
more dif cult problem of surface reconstruction from non-
parallel cross-sections (e.g., Figuré)). The need for han-
dling curves on non-parallel planes arises in multiple appli-
cations. In freehand 2D ultrasound, for example, both the
location and orientation of each individual image plane can
be freely changed through an input device that has 6 degrees
of freedom. Additionally, when selecting planar slices of a
3D MRI or CT scan to specify contours, a physician often urel (b) delineate the same subject as in (a) but are drawn
wishes to customize the orientation of each slice to better on a set of non-parallel slices chosen by a physician to more
align to the imaged object. For example, the contours in Fig- accurately capture anatomically meaningful features.

(© ()

Figure 1: Types of cross-section curves we consider in this
paper: simple closed curves on parallel (a) and non-parallel
(b) planes, and curve networks (c,d).
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Reconstruction 1
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Reconstruction 2

Figure 2: Surface reconstruction from curve networks: the input with 3 region lalbéle, red and white (a), surfaces inde-
pendently constructed from simple closed curves bounding the blue cegiehs (b) resulting in a non-closed partitioning of
space as seen in the cut-away view (c), and a closed surface netwatated by our method (d) with a cut-away view (e).

Another demand that increasingly arises in engineering
and medical applications is reconstructing objects that are

criteria, as illustrated in Figur2 while surfaces can be con-
structed each for the blue and red label of the input curve

segmented by different material or tissue types. This leads networks (a), their combination in (b) inevitably leads to a

to curve networkshat partition each cross-section plane into
regions associated witmultiple labels (e.g., air, muscle,
bone, etc.). Figurd (c) shows an example curve network

that represents the segmentation of the mouse brain into var-
ious anatomical structures on a single cross-section, and Fig-

ure 1 (d) shows a set of these cross-sections from which a

non-closed surface as a portion of surface (pointed by the ar-
row in (c)) is shared by two 3D regions of a same label (red).
Similar observations were made by Weinstaivejo( and
Juet al. [JWC 05], who proposed different methods capa-
ble of generating closed surface networks from inputs con-
taining curve networks. However, both of these methods are

surface representing the segmented mouse brain needs to beestricted to parallel cross-sections.

reconstructed. In particular, we desire the reconstruction to
be asurface networkhat partitions the space into labelled
3D regions. Note that the simple closed curves in Figure

1.2. Method overview

(a,b) are also a curve network where the regions labels are\we present a novel algorithm for surface reconstruction

simply inside and outside.

1.1. Problem statement

We consider the general problem of surface reconstruction
from curve networks on possibly non-parallel cross-sections.
Speci cally, given a set of planes partitioned by curve net-
works into labelled 2D regions, we desire a surface network
with the following properties:

Closed: The surface network partitions the space into la-
belled 3D regions, so that two regions sharing common
boundary have different labels (e.g., inside and outside).

Interpolating: The surface network interpolates the curve
networks, and the labels of partitioned 3D regions are con-
sistent with those of 2D regions on each cross-section.

To the best of our knowledge, the reconstruction problem
has never been tackled at this level of generality. While a
few methods were proposed for handling non-parallel cross-
sections, including the very recent work of Boissonnat and
Memari BMO7], these methods are restricted to simple
closed curves on each cross-section. To handle multiply-

labelled curve networks, one may apply these methods to re-

construct one surface for each label, by considering only the
simple closed curves bounding regions of that label on each

cross-section, and combine these surfaces together. How-

from non-parallel curve networks. We follow the divide-and-
conquer strategy of Boissonnat and Memd@aMO07] and
consider the partitioning of space into cells by all cross-
section planes (known as arrangement The core of
our algorithm is the construction of a closed surface net-
work within each partitioned cell, which generalizes the
projection-based approach afWC 05] from between two
parallel planes to within an arbitrary convex space. Unlike
[BMO7] or [JWC 05], our algorithm handles both parallel
and non-parallel planes as well as curve networks on each
plane.

The result of our algorithm, while satisfying the closed-
ness and interpolation criteria, may exhibit a jagged appear-
ance unsuitable for applications where smooth surfaces are
desired. We next utilize existing techniques to improve the
surface quality, in particular, for modelling smooth anatom-
ical structures in bio-medical applications. We considered
mesh fairing based on surface-diffusion o8IK01, YBO2,
XPBO06 and mesh re nement via edge-swapping and trian-
gle splitting [PS96. An example result is shown in Figuge

(d.e).

Contribution We introduce a simple and robust algorithm
that is guaranteed to produce a closed surface network in-
terpolating arbitrary curve networks on cross-sections with
arbitrary (parallel or non-parallel) orientations. The method

ever, the resulting surface may easily violate the closednessis demonstrated on both synthetic and medical examples.
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2. Previous work as the exterior of a 3D tetrahedral mesh connecting the cell
boundary. In particular, Boissonnat and Mem&\[07] in-
troduced théoranching diagranto characterize the surface
topology within each cell.

We start by brie y reviewing representative work on sur-
face reconstruction from planar curves (also knowcas
tour interpolationor contour stitching, with an emphasis on
the limitation of these methods in handling complex inputs.
Note that a closely related area is the interpolation or ap-
proximation of spatial curves with smooth algebraic surfaces While many of the above-mentioned methods can handle

2.2. Curve networks

[BI92, BIW93] or spline representationXBE02, BCX95], curves with arbitrarily complex shape and topology, they
where the resulting surface is either limited to simple topolo- are designed for simple closed curves that bi-partition each
gies or based on an initial polyhedral surface. plane into inside and outside regions. Few attempts have

been made so far to extend these approaches to handle curve
2.1. Simple closed curves networks. WeinsteineioQ extended implicit interpolation

Parallel cross-sectionsThe majority of surface reconstruc- DY representing the curve network on each plane as a multi-
tion methods are developed for connecting simple closed labelled implicit function. More recently, et al.[JWC 05]
curves lying on parallel planes. Early approaches attempted extended the contour projection approach BGLSS04

to nd a polygonal tiling that connected curve loops on from simple closed curves to curve networks by consider-
two neighboring p|anes while 0pt|m|z|ng a qua“ty mea- Ing intersections of projections from regions with different
sure Kep75 FKU77, CS78 MSS93. Unfortunately, these labels on different planes. Note that both methods rely heav-
tiling methods may fail to generate closed surfaces between ily on the fact that the curve networks reside on parallel
p|anes Containing mu|t|p|e and nested curve |00psl Robust planeS, so that there is a well-de ned direction (i.e., the plane
handling of these more complex cases has become the fo-normal) for implicit interpolation Wei0O(] and for projec-

cus of recent work. Among them, BoissonnBb[88] pio- tion [JWC 09).
neered the method based on Delaunay-meshing, which has
been re ned and improved in later worlGgi93 CD99. 3. The algorithm

The methods of Hermast al. [HZB92] and Csebfalviet
al. [CNKGO0Z represent the 2D curves on each plane using
implicit functions and extract the 3D surface by interpolat-
ing these functions. The two steps of building and interpo-
lating the implicit functions are combined in the variational
framework of Turk et al. TO99. Also, a number of methods by the set of all cross-section ol K - )
[BS96BCLI6, OPCIGKSSOQBGLSS04 have been devel- Y 1€ . planes (known asatirange

) S mentin Computational Geometry). The complete surface
oped based on computing orthogonal projections of curves .

from two neighboring planes onto a common plane. For ex- is built by rst constructing a piece of surface within each
ample, the method of Barequet al. [BGLSS04 obt'ains partitioned cell, followed by stitching together pieces from

. . L o . . neighboring cells. Note that if each surface piece is closed
intersections of projections from inside and outside regions =~ *. .

. . ! . within the cell and interpolates the curves on the cell bound-
on different planes, triangulates the intersected regions us-

ing Straight SkeletonsjA96], and lifts the triangulations in Iart)./, the result after stitching will remain closed and interpo-
3D to form the nal surface. In a more recent wofB\07], atng.

the authors utilized the projection to nd the matching be- The remaining problem is how to construct a closed sur-
tween neighboring planes and constructed the geometry by face network within each cell that interpolates the curve net-
performing non-linear interpolation across multiple planes. works on the cell boundary. To this end, we generalize the
projection-based approach if/C 05] from a cell bounded

by two parallel planes to an arbitrary cell bounded by mul-
tiple intersecting planes. We will describe the basic ideas in
2D before presenting the full algorithm in 3D.

We now describe our algorithm for reconstructing a surface
network from non-parallel curve networks. To handle non-
parallel cross-sections, we follow the general divide-and-
conquer strategy adopted in previous worR&p7, BMO7].
In particular, we consider the partitioning of space iogétis

Non-parallel cross-sectionsvery few methods have been
developed for connecting curves on non-parallel planes. Sev-
eral attempts have been madRiJo0 WMT 95,BTS04 to
extend implicit interpolation onto non-parallel planes. These
methods are limited to the special case of serial planes so
that the surface can be built from pieces, each of which
bounded between two neighboring planes. More general ap- We begin by considering a simpler, lower-dimensional prob-
proaches have been proposed by Payne and RG24, by lemin 2D. Here the input is a set of cross-sectiors, each
Dance and PragebP97, and very recently by Boissonnat  divided by a set opointsinto labelled 1D regions. Two ex-
and Memari BM07], who extended the original Delaunay- amples are shown in FiguBfor two parallel cross-sections
meshing method from parallel cross-sectio®B®iB8]. A (a) and three non-parallel cross-sections (e). In this paper,
common strategy adopted in these methods is to considerwe assume that the inputs are valid cross-sections, in that
a partitioning of space by all cross-section planes. Within the region labelling on two intersecting cross-sections are
each partitioned cell, a closed triangular mesh is extracted consistent at their intersection. In this 2D setting, our goal

3.1. Theideain 2D
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(e)

Figure 3: 2D illustration of our algorithm for parallel (top) and non-parallel (bottompss-sections (see Section 3.1).

®

is to reconstruct a closezlirve networkhat interpolates the
points on the cross-section lines.

Following the divide-and-conquer strategy, we consider
the partitioning of the plane by all the lines into cells, such
as the shaded regions in Figusda,e). Note that each cell
is necessarily convex. Our task is to construct a closed curve
network within each cell that interpolates the points on the
cell boundary.

A simple algorithm existsJWC 05| for the case of a cell
bounded by two parallel lines, like that in Figud€a). The
idea is to partition the cell into smalleompartmentseach
attached to, and labelled by, a 1D region on the cell bound-
ary. Speci cally, the cell is rst divided into two compart-
ments by themedial linebetween the two lines (dashed in
(b)), then broken into smaller compartments by the segments
that connect each point on the cell boundary to its orthogo-
nal projection on the medial line (shown in (c)). The key
observation is that the curve network separating neighboring
compartments witldifferentlabels (e.g., yellow lines in (d))
is closed and interpolates the points on the cell boundary.

We extend this simple idea to cells bounded by multiple
lines. The key modi cation we make is replacing the me-
dial line between two parallel lines by the more genenat
dial axes(MA) of a cell. The MA is the loci of points that
are closest to two or more points on the cell boundary. Be-
cause the cell is convex, the MA consists of a set of lines or
line segments (e.g., dashed lines in FigBife,f)). Note that
the medial line is a special case of the MA when the cell is
bounded by two parallel lines.

Using the MA, we can apply the above medial line pro-
jection algorithm to an arbitrary cell, which we will illus-
trate using the example in Figuge). First, the cell is par-
titioned into compartments by the MA (dashed in (f)) as well
as the segments that connect each point on a cell bound-
ary to its orthogonal projection on the MA (shown in (g)).
Next, the curve network is extracted as the boundaries be-

() (h)

tween neighboring compartments with different labels (e.qg.,
yellow lines in (h)). As in the original algorithmdivVC 05],

this curve network is closed and interpolates the points on
the cell boundary.

Why medial axes:Note that the use of orthogonal projec-
tion and the MA in the algorithm is not a necessary condition
for producing a closed curve network. In particular, picking
other projection directions or other shapes to project onto
may yield curve networks with a different topology. One ad-
vantage of using the MA and orthogonal projection is that
the correlation between topology of the resulting curve net-
works with the con guration of cross-section planes can be
mathematically characterized. Formally, let A and B be two
1D regions with a common label on different boundary lines
of a cell (see Figur8 (a,e)). By the de nition of the MA, A
and B will both belong to the same 2D region partitioned by
the resulting curve network (e.g., the blue regions in Figure
3(d,h)) if there exists a circle inscribing the cell at a point in
A and a point in B (see Figurg(a,e)).

3.2. The algorithm in 3D

The 2D idea can be easily extended to 3D. Our algorithm
takes as its input a set of cross-section planes, each contain-
ing a curve network with partitioned 2D regions labelled.
The curves are represented as piece-wise linear polylines.
The algorithm rst computes a partitioning of the space by
all planes. Within each partitioned cell bounded by a sub-
set of planes (like that in Figure(a)), the algorithm closely
follows the 2D approach to build a closed surface network
interpolating the curve networks on the cell boundary:

Step 1: Obtaining MA. Compute the MA of the cell.
Since a cell is always convex, the 3D MA consists of pla-
nar pieces calledheetgdashed in Figurd (a)).

Step 2: Forming compartments. The cell is partitioned
into compartments by the MA sheets and polygons con-
necting the curve networks to their orthogonal projections
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put) around the curve networks and treat each wall of the
bounding box as a new cross-section containing no curves.
Note that the addition does not affect the closedness or inter-
polation of the result.

Complexity analysisHere we brie y analyze the time com-
plexity of each part of the algorithm. Computing the parti-
tioning of the space bi planes can be done 'rD(k"‘) time

as in BMO7]. Within each convex cell bounded Iyplanes
containingm curve-network vertices, computing the MA us-
ing [SPB9§ takesO(nsn) time wherens is the number of
seams between the MA sheets, while Straight Skeleton tri-
angulation cost@(mzlog(m)) time for a region on the MA
with my vertices projected from the cell boundary, amounting
to O(mzlog(m)) time for all regions in the worse case.

4. Mesh improvement

The result of our algorithm presented in the previous section,
while being closed and interpolating, exhibits a jagged and
Figure 4: 3D illustration of our algorithm within a cell. unnatural appearance. An example output is shown in Figure
5(a) for the input in Figur@(a). Observe that all triangles are
on the MA. Note that new vertices may be created when either orthogonal to the cross-section planes or aligned with
projecting the curve networks onto the MA if the projec- the mgqlial axes within each _ceII partitioneo_l by Fhe planes.
tions from different planes intersect with each other or In addition, the surface contains triangles with widely vary-

(c) Surface extraction | (d) Surface extraction Il

with the border of a MA sheet (yellow dots in Figude ing s?zes and shape_s, in part_ due to the sparse, non-uniform
(b)). Each compartment is attached to, and labelled by, a SPacing between points on different cross-sections.
2D region on the cell boundary. The surface network as it is cannot be directly used in ap-

Step 3: Extracting surfaces. The surface network is ex-  plications where smooth surfaces are desired, such as mod-
tracted as the boundaries between neighboring compart- eling anatomical structures in bio-medicine. We next resort
ments associated with different labels. Speci cally, this to existing mesh fairing and re nement techniques to im-
network has two parts: triangulated portions of the MA  prove the visual appearance. In essence, we improve a piece-
sheets that are projected from a single region on the cell wise constant interpolation among the input curve networks
boundary (e.g., a,b,d in Figu#e(b)) or from two regions
with different labels (e.g., ¢ in Figuré (b)), shown in
Figure4 (c), and triangulated polygons connecting curve
network edges to their projections on the MA, shown in
Figure4 (d).

Finally, the complete surface network is formed by stitch-
ing together surfaces constructed in neighboring cells. As
in 2D, the topology of the resulting surface network corre-
lates with the spatial con guration of the cross-sections in
a well-de ned manner. Speci cally, two 2D regions with a
same label on the cell boundary will belong to one 3D region
partitioned by the surface network if there exists a sphere in-
scribing the cell at one point in each 2D region.

Implementation We follow the classical tracing algorithm
of Sherbrookeet al. [SPB96 to compute the MA and the
Straight Skeleton method\R96] for triangulation on the
MA sheets (Figuré (c)). Note that, depending on the shape
of the cell, the projection of curve networks on the MA may
lie far away from the original data (e.g., when the dihedral Figure 5: Improving the initial surface network (a) using
angle between two planes is closepio To prevent numer- iterative re nement and fairing at 5 (b) and 10 (c) itera-
ical issues, in practice we place a virtual bounding box (we tions. The bottom row shows the tessellation where the non-
used 2 times the size of the tightest bounding box of the in- manifold edges are highlighted.
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Figure 6: Reconstruction from parallel and non-parallel contours of a humarofdigland.

(resulted from Section 3) by exerting minimum energy con- are provided by physicians and neuroscientists at the Medi-
straints. cal School of Washington University and Paci ¢ Northwest
National Lab. The complexity of each example and the per-

Fairing: A constraint imposed by our reconstruction goal is formance of our method is summarized in Table

the interpolation of input curve networks. In particular, we
demand that the resulting surface network smoothly interpo- ~ We begin with examples containing simple closed curves
late these curves so as to exhibit a fair overall appearance. Ason each cross-section. Figusshows the initial surface net-

a result, we consider a class of fairing approaches based onwork produced by our algorithm as well as the result after
surface-diffusion ow [BK01, YB02, XPBO06], which allows mesh improvement for the Parotid gland contours in Figure
surface fairing withG! continuity at the constrained bound- 1 (a,b). Another example is shown in Figutewhere the in-
aries. Surface diffusion evolves an initial surface by moving put curves are obtained by synthetically slicing the Stanford
each vertex in the surface normal direction to minimize local Horse model on a selected set of planes (in this and later
curvature differences. To impose the curve constraints, we examples, the results are shown after mesh improvement).
follow the iterative vertex update formulation of Yoshizawa
and BelyaevYBO02] while restricting vertex updates to only
mesh vertices that do not lie on input curves. Additionally,
to handle surface networks with a non-manifold topology,
we apply Bi-Laplacian ow KCVS9§ instead of surface
diffusion to the network of non-manifold vertices, where a
meaningful surface normal fails to exist.

Next we present examples containing more complex
curve networks. Figur8 shows a synthetic example where
a “sapphire ring” is reconstructed from curve networks on
4 planes. Note that the stone and the ring shares a common
boundary outlined by non-manifold edges. Figrshows
the reconstruction of 3 abutting anatomical structures in the
mouse brain from curve networks on 4 cross-sections. Ob-

Re nement: The effect of fairing can be limited by the pres- ~ serve that the surface network interpolates the input curve
ence of large triangles. To this end, we adopt the multi- hetworks and partitions the space into 3D regions sharing
scale, coarse-to- ne fairing procedure similar t6qVS98 common boundaries. Finally, Figut shows the recon-
WDSBO0Q Ber04. Specically, we adopt the re nement struction of the whole mouse brain with 10 internal anatom-
method of Pfeie and SeidelS96, which produces a ical structures from 14 cross-sections.

Delaunay-like triangulation via edge-swapping and trian- g conclusion

gle splitting. To preserve the input curve networks, edge-

swapping is restricted to non-curve-network edges. The re- e present a simple and robust algorithm for surface re-
nement is controlled by a user-de ned factarthat relates construction from multi-partitioning curve networks on non-
the density of triangles to thﬁ lengths of constraint edges. parallel cross-sections. The algqrithm guarantees to produce
Liepa [Lie03] showed that = * 2 yields a mesh that visu- @ closed surface network that interpolates curve networks
ally matches the density of the constrained vertices. Re ne-
ment and fairing are alternated in an iterative manner, with
re nement performed on an increasing density factor at each
iteraBo_n. Starting witha = 0, the iterations terminate when
a= 2. Inthis paper, we used 10 iterations for all models.
Figure 5 shows the result of re ning and fairing an initial
surface network at 0, 5 and 10 iterations. It is important to
note that the improved mesh still interpolates the original
curve networks.

5. Examples

We test our method on both synthetic examples and bio- Figyre 7: Reconstruction from synthetic slices of the Stan-
medical data, such as those in Figiyevhere the contours 514 Horse.
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Figure 8: Reconstruction of a two-material sapphire ring from curve networks onrfon-parallel cross-sections(a), shown as
shaded surfaces (b), wireframe (c) highlighting the non-manifold edgd$, @nd surfaces bounding each material (d) where
the ring is rotated towards the viewer to show the common boundary betiveéno materials.

Figure 9: Reconstruction of 3 anatomical structures from contour curve netwamk®ur non-parallel planes (a), shown as
shaded surfaces (b), and surfaces bounding individual anatomiceadtstes (c,d) and colored by neighboring structures.

Model || RegionCurve| Output| Surface Mesh in [JWC 05]. Second, while the initial surface generated by
Labels| Edgeg TrianglesConstructionimprovemeryt our algorithm is free of self-intersecting geometry, the sur-
Parotid 2 327 || 2188 47 ms 671 ms face after mesh improvement may lose this property. We plan
(parallel) to consider intersection-free alternatives for improved geo-
Parotid 2 | 620 6272 | 203ms | 1655ms metric accuracy. Third, we would like to explore domain-
(non-para. speci ¢ mesh improvement techniques that customize the re-
Horse 2 |1668)| 16364 | 535ms | 4028 ms sult to particular applications. For example, in medical imag-
Ring 3 | 282] 1768 | 47ms 438 ms ing, the grayscale 3D volume from where the contour curves
Brain 11 [2251]] 23747 | 3588ms | 7122ms are obtained, if available, would be a valuable piece of infor-

mation to guide mesh fairing.
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Table 1: Performance on a 3GHz PC with 2GB memory.
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Figure 10: Reconstruction of 10 anatomical structures from contour curve nesvankl4 non-parallel planes (a), shown as
shaded surfaces (b), wireframe (c) highlighting the non-manifold e@dgessurfaces bounding a subset of the structures (d).
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