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Abstract. SingleNucleotidePolymorphism(SNP)Genotypingis an important
moleculargeneticstechniquein theearlystagesof producingresultsthatwill be
useful in the medical�eld. One of the proposedmethodsfor performingSNP
Genotypingrequiresamplifying regionsof DNA surroundinga largenumberof
SNPloci. In orderto automateaportionof thismethodandmake theuseof SNP
Genotypingmorewidespread,it is importantto selecta setof primersfor theex-
periment.SelectingtheseprimerscanbeformulatedastheMultiple Degenerate
Primer Design(MDPD) problem.An iterative beam-searchalgorithm,Multiple,
IterativePrimerSelector(MIPS), is presentedfor MDPD. Theoreticalandexper-
imentalanalysesshow that this algorithmperformswell comparedto the limits
of degenerateprimerdesignandthenumberof spuriousampli�cationsshouldbe
small.Furthermore,MIPSoutperformsanexistingalgorithmwhichwasdesigned
for a relateddegenerateprimerselectionproblem.
An implementationof theMIPSalgorithmis availablefor researchpurposesfrom
thewebsitehttp://www.cse.wustl.edu/� zhang/software/mips.

1 Intr oduction

SingleNucleotidePolymorphisms(SNPs)areindividual basedifferencesin DNA se-
quencesbetweenindividuals.It is estimatedthat thereareroughly threemillion SNPs
in thehumangenome[12]. AssociationstudiesbetweenSNPsandvariousdiseases,as
well asdifferencesin how individualsrespondto commontherapies,promiseto revo-
lutionizemedicalsciencein thecomingyears[2]. Recentwork suggeststheremaybe
only a few hundredthousand”blocks” of SNPsthat recombineto provide mostof the
variability seenin humanpopulations[5]. However, it is still adauntingtaskto identify
the speci�c geneticvariationsoccurringin speci�c individuals in order to determine
their associationswith importantphenotypes.Currently, therearemany proposedtech-
niquesfor determiningtheSNPcompositionof a givengenome.However, in orderfor
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theseassayingtechniquesto be effective in large-scalegeneticstudiesof hundredsor
thousandsof SNPs,they mustbescalable,automated,robust,andinexpensive[9].

Onetechniqueinvolvestheuseof multiplex PCR(MP-PCR)to amplify theregions
aroundtheSNP. Multiplex PCRis a variationof PCRwheremultiple DNA fragments
arereplicatedsimultaneously. MP-PCR,likeall PCRvariations,makesuseof oligonu-
cleotideprimersto de�ne theboundariesof ampli�cation. For eachregionof DNA that
is to beampli�ed, two primers,generallyreferredto astheforwardandreverseprimers,
areneeded.In MP-PCR,it is necessaryto selectaforwardandreverseprimerfor eachof
theregionsto bereplicated,andfor thelarge-scaleampli�cation requiredin SNPGeno-
typing, therecanbe hundreds,or perhapsthousands,of thoseregions.The processof
selectingsucha largesetof primersby currentmethods,including trial-and-error[9],
canbetime-consuminganddif�cult.

Therearetwo similar problemsin primer selection,thePrimerSelectionProblem
and the DegeneratePrimer DesignProblem.The Primer SelectionProblem[15] in-
volvesminimizing the numberof primersneededto amplify regionsof DNA in a set
of sequences.It hasbeenshown thatthis is anNP-hardproblem[6] in reductionsfrom
otherhardproblems,includingSET-COVER andGRAPH-COLORING[3]. Therehave
beena numberof proposedheuristicsto solve this problem,including a branch-and-
boundsearchalgorithm[14]. Also, algorithmshave beenproposedwhich incorporate
biologicaldataabouttheprimersinto thesearch[13,4].

In anMP-PCRexperimentwherethenumberof primersis notoptimized,thenum-
berof primersneededis equalto twicethenumberof sequencesin theinputset.In gen-
eral,thealgorithmsmentionedabove reducethenumberof primersneededto 25-50%
of this value,which canstill beratherhigh for thelarge-scaleampli�cation neededfor
SNPGenotyping.This leadsto theuseof degenerateprimers.Degenerateprimers[10]
are primersthat make useof degeneratenucleotides.For example,considerthis de-
generateprimer, ACMCM, whereM is a degeneratenucleotidewhich representseither
of the bases,A or C. This degenerateprimer is actuallyrepresentative of the setof 4
primers

�

ACACA,ACACC,ACCCA,ACCCC� . Thenumberof primersthata degener-
ateprimerrepresentsis referredto asits degeneracy. Degenerateprimersareaseasyto
produceasregularprimers,andthereforesave themolecularbiologist time duringthe
primerdesignphaseof theexperiment.Theuseof degenerateprimersintroducestwo
new problems.First, theeffective concentrationof thedesiredprimersis decreasedby
thepresenceof undesiredprimers.Second,thepresenceof undesiredprimerscanlead
to erroneousampli�cation. Therefore,it is importantto useprimersof relatively low de-
generacy to realizetheinherentbene�tsof degenerateprimerdesignwhile minimizing
theeffectsof thesetwo problems.

TheDegeneratePrimerDesignProblem(DPD) is thesecondrelatedproblem,how-
ever it makesuseof degenerateprimers.DPD is the decisionproblemof determin-
ing whetheror not thereexistsa singledegenerateprimerbelow somegiventhreshold
whichcanamplify regionsof DNA for somenumberof asetof inputsequences.There
aretwo variationsof DPD. MAXIMUM COVERAGE DPD (MC-DPD) is the related
maximizationproblemwherethegoalis to �nd themaximumnumberof sequencesthat
canbeampli�ed by adegenerateprimerwhosedegeneracy fallsbelow somethreshold.
MINIMUM DEGENERACY DPD (MD-DPD) is thesecondvariationof DPD whose
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goal is to �nd thedegenerateprimerof minimum degeneracy thatampli�es all of the
input sequences.Both MC-DPD andMD-DPD have beenshown to beNP-Hardprob-
lems[11].

In thispaper, wedescribetheMultiple DegeneratePrimerDesignProblem(MDPD),
presentanalgorithmto solve this problemanddescribehow theresultscanbeusedto
selecta large setof primersthat canbe usedin MP-PCRfor SNPGenotyping.The
detailsof theprotocolfor applyingdegenerateprimersfor genotypingusingSNPscan
be found in [9]. The basicproblemusesa given collectionof DNA sequencesfrom
genomicregionsknown to containSNPs.Theregionsarechosensuchthatprimersse-
lectedfrom them,oneon eachside,arenot closerto theSNPthana �x edamountand
no fartheraway thana speci�eddistance.We proceedasfollows: We �rst presenttwo
variantsof MDPD problems.We thendescribetheMultiple, IterativePrimer Selector
(MIPS)algorithmandshow how MIPS performsrelative to anothersolutionin thedo-
main,andthetheoreticallimits of theproblem.We alsodiscussthe issueof erroneous
ampli�cation. We speci�cally study the relationshipamongthe probability of unex-
pectedpriming events,the lengthof degenerateprimersandtheir degeneracy. Finally,
we show theresultsof MIPS ondifferentdatasets.

2 Problem Description

Someof the notationfrom [11] is usedto describethe MDPD problem.To maintain
consistency, lower-casesymbols(i.e. ��������� ) representnumericalvalues,countingvari-
ables,or individual charactersin a sequence.Upper-casesymbols(i.e. ����� ) denote
primers,sequences,or subsequences.Finally, calligraphysymbols(i.e. ����� ) represent
setsof sequencesor primers.

Let  "!

�$#

�&%'��()��*+� which is the �nite �x ed alphabetof DNA. A degener-
ate primer is a string � with several possiblecharactersat eachposition, i.e., �,!

-

�

-

�/.�.0.

-21 , where-�354

 6�

-2387

!:9 . � is the lengthof primer � . The degeneracyof �

is ;�<=�?>@!BA

1

3DC

�FE

-
3

E . Considerthe degenerateprimer �?G =
�

A �

�

A,C�

�

A,C�

�

C � . The
length of �?G is 4 and ;�<=�?GH>I!KJ . For the sake of clarity, we usethe IUPAC sym-
bols for degeneratenucleotidesto representdegenerateprimers.Therefore,�

G canbe
representedasAMMC whereM is thedegeneratenucleotidewhich represents

�

A,C� .
Degenerateprimerscanbe constructedby primer addition. For any two primers, �

�

and �

�

, their sum, �?L equals(-

�

�NM

-

�

� )(-

�

�/M

-

�

� ) .�.�. (-

�

1

M

-

�

1 ).
For any sequence�

3 in aninput set � , we saythatadegenerateprimer � covers �

3

if thereis a substringO of length � in �

3 wherefor eachcharacterP

3 in O , P

3NQ
-

3 .
Therearetwo variantsof theMULTIPLE DEGENERATEPRIMERDESIGNprob-

lem:PRIMER-THRESHOLDMDPD (PT-MDPD) andTOTAL-THRESHOLDMDPD
(TT-MDPD). For both,we aregiven R sequences,�S!

�

�

�

���

�

�

.�.0.

���UT�� , anda maxi-
mumdegeneracy boundV . ForPT-MDPD, thegoalis to �nd asetof degenerateprimers,

W

, of minimumsizethatcoverseverysequencein � where,for eachdegenerateprimer,
�

3XQ

W

, ;�<=�?>5YZV . For TT-MDPD, thegoal is to �nd a setof degenerateprimers,
W

,
of minimumsizethatcoverseverysequencein � where [\;�<=�

3

>]Y^V .
Both PT-MDPD andTT-MDPD areNP-hard[6]. The NP-hardnessof PT-MDPD

canbe shown basedon the observation that the PrimerSelectionProblem(PSP)[15]
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is a specialcaseof PT-MDPD, wherethedegeneracy thresholdis setto one.TheNP-
hardnessof TT-MDPD canbe shown by a reductionfrom theWeightedSetCovering
problem.

3 MIPS: Multiple, Iterati vePrimer Selector

To overcomethedif�culty causedby theNP-hardnessof MDPD problems,wepropose
aniterativebeamsearchalgorithmto makea tradeoff betweenoptimalityandtractabil-
ity. In orderto solve PT-MDPD andTT-MDPD, MIPS canrun in eitherof two modes,
MIPS-PTandMIPS-TT, respectively. This sectionfocuseson MIPS-TT. However, we
will highlighthow MIPS-PToperatesdifferently.

MIPS progressively constructsa setof primersthatcoversall the input sequences.
De�ne a _ -primer to be a degenerateprimer thatcovers _ input sequences.Thebasic
algorithm �rst generatesa setof candidate2-primers,eachhaving somedegeneracy
value,theniteratively extendsall candidate_ -primersinto <`_5acb$> -primersby general-
izing themto cover an additionalsequence.Generalizationstopswhenno primer can
be extendedwithout exceedingthe degeneracy thresholdV . At this point, all remain-
ing primerscover _

1Dd�egf sequences,so we retain the primer of minimum degeneracy,
removetheinputsequencesit coversfrom consideration,andrepeatthealgorithmuntil
all sequencesarecovered.

To guidethesearch,MIPS usesthedegeneracy of a primer asa scoringfunction.
Thesetof primersthatarestoredfor extensionareknown asa beam. BeamSearch[1]
differsfrom greedyor best-�rst searchin thatmultiplenodes,degenerateprimersin this
case,aresaved for extensioninsteadof just one.This modelof progressively adding
to a beamof degenerateprimersand updatingthe scoringfunction is similar to the
CONSENSUSmotif-�nding model[8].

It is importantto notethatthedegeneracy of a given _ -primerincreasesor remains
thesame,with theadditionof additionalsequencefragments.Thisobservationpermits
usto employ astrategywhichignoresdegenerateprimerswith highdegeneracy, in order
to speedup thealgorithm.Therefore,thesearchis restrictedonly to theprimerswith
thelowestdegeneracy. In thisalgorithm,thenumberof thecandidateprimersto restrict
thesearchto at eachlevel canbe speci�ed.This constant,� , describesthenumberof

_ -primersto save for eachlevel. Increasing� canpossiblyimprove the quality of the
solution,but lengthensthe running time of the algorithm. In the resultssection,we
examinetheeffectof thisparameter, � , onMIPS.

Thepairwisecomparisonof two fragmentsis thedominatingoperationanda rate-
limiting stepof thealgorithm.A majority of thesecomparisonsarebetweentwo frag-
mentsthatsharefew, if any, nucleotides.To avoid comparisonsbetweendissimilarfrag-
ments,theexhaustivepairwisecomparisonis replacedwith a similarity lookup.All of
theprimercandidatesareaddedto a FASTA-style lookuptable.In general,for DNA, a
FASTA tablefragmentlengthof 6 is recommended[7]. Usingthetable,eachfragment
is comparedonly to theotherfragmentsthatarereturned.

The constructive searchcontinuesuntil oneof two casesoccurs.In the �rst case,
all sequencesarecoveredby a single R -primer, where R is thenumberof sequencesin
theinputset.Thealgorithmthenterminateswith thatprimerastheresult.In thesecond
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Fig.1. For thesegraphs,thedepthof a noderepresentsthenumberof sequencesfrom theinput
setcoveredandthenumberin a noderepresentsthenumberof degenerateprimersthatwill be
usedto cover thosesequences.Eachnodecanbeexpandedinto two child nodes.The left child
representscoveringanadditionalsequenceusinganexistingdegenerateprimerandtheright child
representscoveringanadditionalsequenceusinganew degenerateprimer. Graph(a)showsafull
search.Graph(b) shows thepruningthattakesplacein MIPS-TTduringthebacktrackingphrase.
Considerthe two bold nodes.Both of thesecover thesamenumberof sequenceswith thesame
numberof primers.MIPS-TTwill thereforeonly expandthenodewhosetotalscoreis better. This
avoidstheexponentialexpansionseenin (a)

case,no _ -primercanbeextendedto a <h_ia6b$> -primerwithoutexceedingthedegeneracy
thresholdandthereexistsatleastonesequenceuncovered.At thispoint, _

1jd�egf sequences
havebeencovered.Thealgorithmchoosesthebestdegenerate( _

1jd�egf )-primer, �ik , from
theset

W

of primerssortedby degeneracy value.Theproblemthenreducesto asmaller
instancewheretheinputsetis theoriginalsetof sequencesminusthosecoveredby �/k .
In MIPS-PT, thedegeneracy thresholdfor this subproblemis equivalentto theoriginal
threshold,V . In MIPS-TT, the degeneracy thresholdis reducedby the degeneracy of

�
k . Thealgorithmthenrestartson thereducedproblem.

For MIPS-PT, iteratively applying this procedurewill eventually return a set of
primersto cover the setof input sequences.However, this is not the casefor MIPS-
TT. After �ik is discoveredandits sequencesareremovedfrom consideration,thenew
thresholdmaybetoolow to covertherestof thesequences.In thiscase,MIPS-TTback-
tracksto thepreviouslevel, _

1jd�elf/m

b , andselectsthenext bestprimer �nG

k

for removal.
Again,MIPS restartson thesequencesthat �nG

k

hasnot coveredandwith a degeneracy
limit that is theoriginal V minusthedegeneracy of �nG

k

. Figure1 shows,schematically,
theexecutionof MIPS-TT.

A pseudo-codedescriptionof MIPS is givenin Algorithms1-3.

4 Analysis

We now examinethetheoreticalboundsof MIPS anddegenerateprimerdesignin gen-
eral,andinvestigatetheissueof erroneousampli�cation. In thefollowing, let R bethe
numberof sequencesin theinputset,o theaveragelengthof eachsequence,� thebeam
size,and � thelengthof theprimers.
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Algorithm 1 MIPS(����V )
1: Initialize Global variables (2-D matrices):BEST - candidatefragments;COVERED - se-

quencescovered;ALLOWABLE - remainingdegeneracy, p]qrqisut^pwvxqry+z|{F}g{�~r••€ .
2: for ‚ = 1 to thenumberof degenerateprimersthatwill beuseddo
3: Let ƒ = themaximumnumberof sequencesthatthe(‚ -1) primerscovered
4: while ƒw„I{ do
5: …•†ˆ‡u‰ ‰Šyup]‹XŒ�•ŽzH•6•‘Œ�su’xyu‹�yu“)z”‚5•–•0}lƒ�~�}�pwqiqrsut^pwvxqry+z”‚'•–•0}�ƒ�~�}—‚2}lƒ�~

6: if thissearchcoversS,print solutionandexit
7: elsec=c-1

Algorithm 2 MIPS SEARCH(����V˜�

-

��™ )
1: Input : Sequenceset • , degeneracy bound€ , primernumber‚ , sequencescovered ƒ .
2: Output : total numberof sequencescovered
3: Initialize priority queueš of size › ;
4: Performpair-wisecomparisons.
5: for all sequence‰•œUž@• do
6: for all substring‰•œ�Ÿ  �}l¡j¢ do
7: Let £ = ¤/¥	¦¨§=©ª}l¥¬«Nžn­ and © is a ® -lengthsubstringof ‰

œ
Ÿ  �}�¡¯¢ª°

8: for all fragmentŒ²±už@£ do
9: “ = ‰�œlŸ  $}�qŠ¢F³´Œ/±

10: Insert “ into queueš

11: Let ƒ�µ = ƒ

12: while queueš is notemptydo
13: Let ‡ = thebestelementof š

14: if degeneracy( ‡ ) ¶ degeneracy( v�yx‰�­�z”‚�}�ƒ&~l~ then
15: v�yx‰�­�z”‚�}`ƒ�µ—~U••‡

16: p]qrqrsut^p]v�qiy+z”‚�}`ƒ

µ

~r•·€¸• degeneracy( ‡ )
17: Œ�su’xyu‹�yu“)z”‚�}`ƒ

µ
~r•¹Œ�su’uyu‹�yu“)z”‚?•º•0}�ƒ�~l» covers(‡N}l• )

18: š¼•¹sX½@y ‡Xp�‰U‰Nz|š5}`•]}`€U~

19: ƒ

µ

•·ƒ

µ

³••

20: return( ƒ
µ

³I• )

Algorithm 3 ONE PASS(¾)������V )
1: Input : Priority queueš , setof sequences• , degeneracy bound€ .
2: Output : Priority queueš

µ

3: for all primer ‡¿ž)š do
4: for all sequence‰•œUž8• do
5: if ‰�œ˜À ž covers(‡ ) then
6: for all substring‰

œ
Ÿ  $}�¡j¢ do

7: “ = ‰
œ

Ÿ  $}�¡j¢ˆ³º‡

8: Insert “ into queueš

µ

9: return š
µ
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4.1 Algorithm complexity

Space From the input set, eachprimer is storedindividually which requiresspace
Á

<|RŠoŽ�h> . In the implementation,thereare4 R¹Â´R matricesthatareneededfor back-
trackingandstoringdegenerateprimersthatcouldeventuallybecomepartof the �nal
solution.Thisaddsanadditional

Á

<|R

�

> of storage.Therefore,thetotalamountof space
is

Á

<|R

�

a•RŠoŽ�h> .

Time Thetimecomplexity is analyzedin abottom-upfashion.Theprocedureof com-
paringthe fragmentsin the beamto the remainingsequencesmakes

Á

<`�&RŠoŽ> primer
additionssincethereare

Á

<|RŠoÃ> total fragmentsand � fragmentsin the beam.Each
primer additionrequirescomparingevery characterin eachof the two primer. There-
fore, this portionrequires

Á

<`�&RŠoŽ�h> time.
The processof generatingnew beamsof _ -primers, for increasing _ , is called

MIPS SEARCH.MIPS SEARCHusesthe above procedureto build new beams,and
could, in the worst case,build R beams.Therefore,the overall time complexity is

Á

<h�&R

�

o‘�`> . Thenumberof timesMIPS SEARCHis executeddependson theamount
of back-tracking.This is directly relatedto thenumberof primersin the�nal solution.
In the bestcase,if the solutiononly requires1 primer, therewill be only onecall to
MIPS SEARCH.In theworst case,if thesolutionrequiresR primers(oneprimer for
eachinputsequence)therewill be R

��ÄˆÅ

callsto MIPS SEARCH.Let - bethenumberof
primersin the�nal solution.Thebestapproximationto thenumberof MIPS SEARCH
calls is

Á

<

-

Rr> . This bringstheoverall time complexity to
Á

<`�&RiL0o‘�

-

> . Currently, we
areworking on a methodto reducethe time complexity of comparingthe degenerate
primersin the beamto the remainingsequencesin orderto speedup the entirealgo-
rithm.

4.2 Limits of degenerateprimer design

Multiplex primerdesigndemandsthatmany inputsequencessharesitescomplementary
to somecommon(possiblydegenerate)primer. The sequencesto be co-ampli�ed are
not in generalhomologous,so their complementarityto a commonprimer is largely
a matterof chance.We thereforeexploredthechance-imposedlimits of multiplexing,
that is, how many unrelatedDNA sequencesarelikely to becoveredby a singlePCR
primerof a givendegeneracy?

Let � be a collection of R DNA sequencesof commonlength o . Call a primer
� an <=����Vw��_�> -primer for � if it has length � and degeneracy at most V and covers
at least _ sequencesof � . A naturalway to quantify the limits of multiplexing is to
computetheprobabilitythatan <=����Vw��_�> -primerexists for � . However, this probability
is dif�cult to compute,evenassumingthat � consistsof i.i.d. randomDNA with equal
basefrequencies.We insteadcomputetheexpectednumberof <h����Vw��_•> -primersfor � .
If thisexpectationis muchlessthanone,Markov's inequalityimpliesthat � is unlikely
to containany suchprimer.

We countnot the total numberof <h����Vw��_•> -primersfor � but only the numberof
maximalprimers.A primer � of degeneracy atmost V is saidto bemaximalif increas-
ing � 's degeneracy at any positionwould causeits total degeneracy to exceedV . The
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expectednumberof maximal <=����Vw��_�> -primersfor � is in generallessthan the total
numberof <h����V˜�&_�> -primers,but a primerof this typeexistsfor � if f a maximalprimer
exists. Hence,the former expectationis moreuseful than the latter for boundingthe
probabilitythatat leastone <h����V˜�&_�> -primerexists.

Occurrenceprobability for one �xed primer Let � be a primer of length � , such
that the Æ th positionof � permits E

-•Ç

E differentbases.Let � bea collectionof R i.i.d.
randomDNA sequencesof commonlength o with equalbasefrequencies,andlet *

bea single � -merat a �x edpositionin somesequence�

3 Q

� . Saythat � matches* if
� wouldhybridizeto * . We have that

È˜É0Ê

� matches*�ËŠ!

1

Ì

Ç
C

�

E

-
Ç

E

J

!

;�<=�?>

J

1ÎÍ

Theprobabilitythat � covers �

3 , i.e. thatit matchesat leastone � -merof �

3 , dependsin
acomplicatedwayon � 'soverlapstructure,but if �

3 is not tooshortand ;2<h�?>

Ä

J

1ŠÏ

b

(bothof whicharetypically true),thenusingPoissonapproximation[16],

È²É$Ê

� occursin �

3

Ë	ÐÑb

m·ÒÔÓ�Õ�Ö¯×ªØ ÙgÚÜÛjÝxÓ

1¯Þ

��ß

Í

Let à be theprobability that � matchessomewherein a singlesequenceof length o ,
and let ™ˆ<=�?> be � 's coverageof � , i.e. the numberof sequencesof � in which �

matchesat someposition.Becausethesequencesof � areindependent,theprobability
that � matchesin at least _ sequencesgivenby thebinomialtail probability

È˜É0Ê

™ˆ<=�?>Xá^_ªË	!âb

m

È²É0Ê ã

<=R/��àˆ>]äå_ªËg�

where
ã

<|R/��àˆ> is thesumof R independentBernoulli randomvariables,eachwith prob-
ability à of success.

Computing the expectation Let A¹<=����VN> bethesetof all maximalprimersof length �

anddegeneracy atmost V . To counttheexpectednumberæ

1

� ç�� è of <h����V˜�&_�> -primersfor
� , observethat

æ

1

� ç�� è

! é

êNëFì

Û

1

� çÔß

È²É$Ê

™F<=�?>]áå_ªË

Í

Enumeratingall �

Q

A¹<h����VN> to computethisexpectationwouldbecomputationallyex-
pensive,but thisenumerationis notneededfor i.i.d. sequenceswith equalbasefrequen-
cies.Given theseassumptionsabout � 's sequences,the probability that � matchesa
given � -merdoesnotchangeif werearrangeits positions(e.g.“

#'í

% ” versus“
í

%

#

”)
or changetheprecisenucleotidesmatched(e.g.“ î'*�( ” versus“

í

%

#

”). Let ï bea
multisetof � valuesdrawn from

�

bF�

Å

��ð���J•� thatlists thedegeneraciesR

Ç (in any order)
of a primer from A¹<=����VN> . Thenevery primer describedby the sameï hasthe same
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probabilityof coveringatleast_ sequencesin � . Hence,thedesiredexpectationis given
by

æ

1

� ç¬� è

! éDñóò <`ïô>

È²É$Ê

™ˆ<h�?>�á^_

E

� describedby ïõË

Í

wherethesumrangesoverall feasibleï for A¹<=����VN> and
ò <hïô> denotesthenumberof

degenerateprimersdescribedby ï . The probability is computedasdescribedabove,
soweneedonly describehow to computeò <hïô> .

Let ï beamultisetwith R

� 1's, R

� 2's, R

L

3's,and RUö 4's.If we�x which positions
in � permit1, 2, 3, and4 nucleotidesrespectively, thenthereare J

TÔ÷

Âùø

TFú

Â8J

Tˆû ways
of assigningnucleotidesetsto thesepositions.Hence,

ò
<hïô>˜!ýü

�

R

�

R

�

R

L2þ

J

T
÷

Þ

T
û

ø

T
ú

Í

Enumeratingall feasible ï for Aÿ<=����V¸> is straightforward,so the expectationcanbe
computed.

4.3 Mispriming

It is possiblethat a pair of primersbinds to an undesiredlocation and resultsin an
erroneousampli�cation. Misprimingis theoccurrenceof thiseventwheretheunwanted
PCRproductis indistinguishable,by size,from thetargetedproducts.

Supposewe designa setof degenerateprimerswith length � , suchthat the total
degeneracy of the set is V . We wish to estimatethe expectednumberof mispriming
eventswhenourprimersetis appliedto agenomeof length� . Forsimplicity, weassume
thatthegenomeis ani.i.d. randomDNA sequencewith equalbasefrequencies,andthat
a pair of � -merscausea misprimingevent if f they bind to thegenomewithin � bases
of eachother, in the appropriateorientationsto permit ampli�cation of the sequence
betweenthem.

Let � index thepositionsof thegenomeon its forwardstrand.Let the0-1 random
variable�

3 indicatetheeventthatan � -merfrom ourprimersetis complementaryto the
forwardstrandat position � , andlet �

3 be theevent thatan � -mer is complementaryto
thereverse-complementstrandat � . For any � , we havethat
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We saythata misprimingeventoccursat � if
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Denotethiseventby the0-1 indicator
í

3 . Thetotalnumberof misprimingevents
í

is
simply [

í

3 , for �¸!ôbÔ�

Å

�

.�.0.

��� .
Note that the two matchingeventsare independentin an i.i.d. randomDNA se-

quencewhenthe two primersdo not overlap.To simplify our calculations,we ignore
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theeffect of overlappingprimerboundaries.UsingPoissonapproximationto estimate
theprobabilityof thematchingeventon theforwardstrand,wehave that
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Finally, setting @!åV

Ä

J

1

, wederive theexpectedmisprimingrateas
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Using �)!cðnÂÃb+*-, for thehumangenomeand �5!/.0*-* bases,we�nd thatadesign
using50 degenerateprimersof length20 andaveragedegeneracy 10000yieldsabout
0.31 expectedmisprimingeventsin the genome.The misprimingratescaleslinearly
with thegenomesizeandroughlyquadraticallywith  .

5 Results

MIPShasbeenappliedtobothhumanDNA sequencesandrandomlygenerateddatasets.
We usedadatasetcontainingregionsof humanDNA sequencessurrounding95known
SNPs.Thesequencesvariedin lengthfrom a few hundrednucleotidesto well overone
thousand.The locationof a SNPon a sequencewasmarked in orderto provide a ref-
erencefor theforwardandreverseprimers.To ensureeffective PCRproductanalysis,
eachprimercouldnotbelocatedwithin 10basesof theSNPandtheentirePCRproduct
lengthcouldnotexceed400bases.

First,weshow how MIPSperformedrelativeto thetheoreticallimits previouslydis-
cussed.Then,we show how variousparameters,suchasthebeamsizeanddegeneracy
threshold,affect theperformance,including thenumberof primersandrunningtime.
We thenshow someresultsof MIPS on thehumandataset.Finally, we compareMIPS
to analgorithmdesignedto solvea similarDPD problemconsideredin [11].

5.1 Comparison to theoretical limits

The theoreticalestimatesof section4.2 canbe usedto evaluatewhethera particular
primer-designalgorithm performswell on the MC-DPD problem,that is, whetherit
�nds degenerateprimerswith coveragecloseto themaximumpredictedfor a givenset
of input sequences.We evaluatedtheMIPS algorithm's performanceon MC-DPD by
comparingtheprimersit foundin randomDNA with thoseexpectedto exist in theory.
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degeneracy € Avg CoverageMax Predicted
1000 6.30 7
10000 10.55 12
100000 19.30 26

Table1.Actualandpredictedcoverageof 20-merprimersfoundonsetsof 190randomsequences
of length 211. Avg Coverage:averagecoverageof primer found over 20 randomtrials. Max
Predicted:largestcoverage1 suchthat y

��243 5#3 6

„¹• .

For theseexperiments,we generatedtest setsof i.i.d. randomDNA sequenceswith
equalbasefrequencieswith R^! b87�* , and o,!

Å

bÔb , so that thenumberandaverage
lengthof thetestsequencesroughlymatchedthoseof thehumanDNA testsequences.

We usedMIPS to �nd a singleprimer of length �x!ýb+. with maximumcoverage
in eachtestset,subjectto varyingdegeneracy boundsV . Table1 comparestheaverage
coverageof primersfoundby MIPSin 20trialsto thelargestcoverage_ suchthat æ

1

� ç�� è

for testsetsof thespeci�edsizeis 9ôb . Primerswith coverageexceedingthis valueof
_ arenotexpectedto occurin thetestsets,while primerswith slightly smallercoverage
mayor maynotoccurfrequently.

MIPSprovedadeptat �nding primerscloseto themaximumpredictedcoveragefor
relatively smalldegeneracies( V¼YÑb8*-*�*-* ). We thereforehaveconsiderablecon�dence
in its ability to �nd high-coverageprimersif they arepresent.Thegapbetweenthebest
primersfoundby MIPSandthosepredictedto occurin theorygrowswith thedegener-
acy bound,but we cannotsaywith certaintywhetherthis factrepresentsa limitation of
thealgorithmor of thetheoreticalestimates,sinceprimerswith expectationgreaterthan
onemaywith signi�cant probabilitystill fail to occur. Moreover, thehighdegeneracies
whereMIPS might performpoorly areof lesspracticalinterest,sincesingleprimers
with suchhigh degeneraciesareexperimentallymoredif�cult to work with.

Overall, MIPS appearsto be operatingcloseto the theoreticallimit for MC-DPD
problemsof small degeneracy. Although our analysisdoesnot directly addressthe
MDPD problems,any largegapbetweenthemostef�cient designandthedesignspro-
ducedby MIPS is unlikely to arisefrom failure to �nd singlehigh-coverageprimers
whenthey exist.

5.2 Performance

Figure2 shows the effect of beamsizeon thesolutionquality, or numberof primers.
Figure2a shows that increasingthe beamsize linearly increasesthe runningtime of
thealgorithm.These�gures show thetrade-off betweenthequality of thesolutionand
the runningtime of the algorithm.For this particulardataset,therewasa decreaseof
two degenerateprimersin the�nal solutionwhenthebeamsizewasincreasedfrom 10
to 100.Moreover, only a slightly bettersolutionwasdiscoveredwhenthe beamsize
wasincreasedto 250.For theaveragedesktopcomputer, beamsizeslarger thana few
hundredresultin impracticalrunningtimes.For theinputsetweused,whichcontained
95 humanDNA sequences,usinga beamsizeof 100produceda stronganswerwhile
keepingthe runningtime reasonable.In general,thebeamsizeshouldbecloseto the
numberof sequencesin theinput set.
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Fig.2. Thesegraphsshows theeffect of beamsizeon the(a) runningtime of thealgorithmand
(b) numberof length20primersdiscovered.Thealgorithmwasrunona datasetof 95sequences
whichareregionssurroundingknown SNPs.
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Table 2. Resultson a datasetof 95 humanSNPregionsusingprimersof length20 with default
settings.

In anunpublishedlaboratoryexperiment,a setof degenerateprimersof length20
was manuallyconstructedwhereeachprimer was a mixture of 8 speci�c basesand
12 fully degeneratenucleotides(e.g. AGTCGGTANNNNNNNNNNNN.) For this exper-
iment,thetotal degeneracy would be ÐZJ

���

. MIPS wasdesignedto automatethis pro-
cedureand,possibly, reducethe total degeneracy and/ornumberof primersused.In
practicethe desiredaccuracy in the experimentdeterminesthe actualparameterval-
uesusedfor MIPS. Table2 shows theresultsa large-scaleMP-PCRexperimentusing
primersof length20. For 95 sequences,190 primerswould be neededin the general
case.MIPS-PTdecreasedthetotalnumberof primersto 15%of thisunoptimizedvalue
for a degeneracy limit of 262,144.Table2 includesthe similar resultsfor PT-MDPD
andTT-MDPD.

5.3 Comparison to HYDEN

The HYDEN algorithm[11] is a heuristicdesignedfor �nding approximatesolutions
to theDPD problems.RecallthatDPD is a setof problemswherethegeneralgoal is
to �nd a singledegenerateprimer that eithercoversthemostsequenceswhile having
a degeneracy valuelessthana speci�ed thresholdor coversall of thesequenceswith
minimumdegeneracy. TheDPD problemis themostcloselyrelatedoneto our MDPD
problem,andHYDEN is theonly publishedalgorithmfor DPDthatweareawareof.
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Fig.3. BothHYDEN andMIPS weretestedon 20randomly-generateddatasetsin orderto solve
thePT-MDPDproblem.Thetestswereconductedwith differentdegeneracy thresholds(a)10,000
and(b) 100,000.Thegraphshows thenumberof degenerateprimersselected.

HYDEN cansolvethePT-MDPD problemindirectlyby iteratively solvingtheMC-
DPD problemon smallerandsmallersets.After selectinga pair of degenerateprimers
undera givenboundthat coversa certainsubsetof the sequencesin an input set,the
algorithmrunsagainontheremainingsequences.For thereasonsdescribedbelow, iter-
atively solvingMC-DPDis not themosteffectiveway to solve thePT-MDPD problem.
However, this wasthemostreasonablecomparisonthatwaspossiblegiventhe imple-
mentationavailableto usat thetime of testing.Thegraphsin Figure3 shows thenum-
berof primersthateachalgorithmfound from a randomlygeneratedsetof sequences
of varyinglengthswith varyingdegeneracy thresholds.They areuniformly-distributed
i.i.d. sequencesof equallength.Eachprogramsearchedfor degenerateprimersof length
15withoutallowing any mismatchesatany positions.

In general,HYDEN always producedmore primersthan MIPS in attemptingto
solvePT-MDPD.For aprimerdegeneracy valueof 100,000andover100sequences,the
differencewasaslargeas60%moreprimers.Theseresultscanbepartially explained
by the differing designrequirementsof the DPD and MDPD problems.Even when
appliediteratively, the goal of the DPD problemsis to have a resultwhich could be
divided into distinct PCR experiments.The goal of the MDPD problemsis to have
a setof primersfor one large-scalePCR experiment.Speci�cally, to solve the DPD
problem,the HYDEN algorithm must ensurethat for any given degenerateforward
primer that is discovered,exactly onedegeneratereverseprimer is usedto cover the
sequencescoveredby theforwardprimer. Therefore,agivendegenerateforwardprimer
is restrictedto whichsequencesit is reportedto coverbasedonthepresenceof asuitable
degeneratereverseprimer, and vice-versa.Moreover, the HYDEN algorithm hasan
additionalrestrictionin whichany givendegenerateprimeris limited to eithercovering
a setof forwardor reverseprimers,but notboth.
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6 Conclusions

Wehavediscussedaproblemthatarisesin large-scale,high-throughputmultiplex PCR
experimentsfor SNP Genotyping.We developedan iterative beam-searchheuristic,
MIPS, for this problemwhich canbe usedto selecta setof degenerateprimersfor a
givensetof sequences.This algorithmcomparesfavorablyto anexistingalgorithmfor
similarproblems.Finally, usingboththeoreticalcalculationsandexperimentalanalysis,
we have shown thatMIPS is neithertime nor memoryintensiveandcouldconceivably
be usedas a desktoptool for SNP Genotyping.The overall effectivenessof this al-
gorithm will ultimately be determinedby the applicationof the resultingprimersin
biologicalexperiments,which is ournext focusfor this research.
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