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Abstract— This paper presents a theoretical analysis of
greedy geographic routing protocols on a common class of
wireless sensor networks that must provide sensing cover-
age over a geographic area. Contrary to well known results
on random networks, we prove that the Greedy Geographic
Forwarding and our new greedy protocol always succeed
in any sensing covered network when the communication
range is at least twice the sensing range. Furthermore, we
derive the analytic upper bound for the network dilation
of sensing covered networks and quantify its relationship
with the ratio between communication range and sensing
range. Simulations show that, when the ratio between com-
munication range and sensing range reaches 4.5, the studied
greedy routing protocols can find network paths whose hop
count on a sensing covered network approaches 1.5 times
that of an ideal network. These results provide several im-
portant insights into the design of sensor networks. Sim-
ple greedy geographic routing protocols are “good enough”
in this class of wireless sensor networks, and more sophis-
ticated routing protocols designed to handle routing voids
are not necessary. In addition, redundant sensors can be
turned off without significant loss in communication per-
formance as long as the remaining active nodes maintain
sensing coverage. This result provides a theoretical justifi-
cation of sensing coverage control protocols that conserve
energy through sleep schedules.

Index Terms— Graph theory, System design, Ad hoc &
sensor networks

I. INTRODUCTION

Wireless sensor networks represent a new type of ad
hoc networks targeted at large scale distributed micro-
sensing applications. Each node in such a network is a tiny
device that integrates MEMS sensors, wireless interface,
and processing units in a single hardware platform. While
sensor networks share many similarities with traditional
ad hoc networks comprised of laptops, they also face new
requirements due to the sensing nature of their applica-
tions. In particular, many critical applications (e.g., dis-
tributed detection [1], distributed tracking and classifica-

tion [2]) introduce fundamental requirement of sensing
coverage that does not exist in traditional ad hoc networks.
In a sensing covered network, every point in a geographic
area of interest must be within the sensing range of a spe-
cific number (one or more) of sensors.

The problem of providing sensing coverage has re-
ceived significant attention. Several algorithms and de-
ployment strategies [3][4][5][6] were presented to achieve
sensing coverage when a sensor network is deployed.
Other projects [7][8][9] developed online energy conser-
vation protocols that dynamically maintain sensing cover-
age using a subset of nodes while turning off redundant
nodes.

Complimentary to existing work that focuses on main-
taining coverage in a sensor network, our work investi-
gates ad hoc routing in a wireless sensor network that pro-
vides coverage using existing techniques. In contrast to
the vast existing literature on ad hoc routing that assumed
arbitrary topology, this paper presents new analysis and
simulation results on the impacts of sensing coverage on
ad hoc routing in sensor networks. Our theoretical analy-
sis proves that the specific node distribution due to sens-
ing coverage leads to several desirable routing properties
that do not exist in arbitrary ad hoc networks. The ben-
efit of sensing coverage increases as the sensing range of
on-board sensors becomes shorter relative to the wireless
communication range. Specifically, the key findings pre-
sented in this paper are briefly outlined next.

First, contrary to well known results on random net-
works, we prove Greedy Geographic Forwarding (GF)
always succeeds in any sensing-covered network with a
communication range at least the twice sensing range (a
property we call the double-range property). Essentially,
sensing coverage eliminates all the routing voids that are
prevalent in random networks, and hence routing tech-
niques specially designed to handle voids are not neces-
sary in such sensor networks.



Second, we derive the upper bound on the network di-
lation of sensing covered networks under GF and quan-
tify its relationship with the ratio between communication
range and sensing range. Our analytical result shows that
under GF a sensing covered network is competitive to an
ideal network in terms of network distance when the com-
munication range is long compared to the sensing range.

Finally, we present a new greedy geographic rout-
ing protocol called Bounded Voronoi Greedy Forwarding
(BVGF) that has desirable analytical bound on network
distance in any sensing-covered sensor networks with the
double-range property. Our theoretical results are vali-
dated by simulations and demonstrate that both GF and
BVGF are “good enough” for sensing-covered networks
in terms of network distance.

The rest of the paper is organized as follows. We first
review related work and our assumptions in Section Il and
Il respectively. In Section 1V, we prove greedy Geo-
graphic Forwarding(GF) always suceeds in sensing cov-
ered networks if the double-range property holds. The
dilation property of GF is then quantified. After a brief
introduction of basic geometric background, we present
the geometric analysis based on Delaunay Triangulation
on the dilation properties of sensing covered networks in
Section V. The new greedy geographic routing algorithm
is proposed and analyzed in Section VI. After presenting a
set of simulation results, we conclude the paper in Section
VI with future research directions.

I1. RELATED WORK

Routing in ad hoc wireless (sensor) networks has been
studied extensively in the past decade. The work most
relevant to this paper includes various geographic rout-
ing protocols [10][11][12][13]. This class of routing
protocols is attractive in large sensor networks due to its
location-awareness and scalability. EXxisting geographic
routing protocols switch between greedy mode and recov-
ery mode depending on the network topology. In greedy
mode, the protocols choose to forward a packet to a neigh-
boring node that is closer toward the destination than
the forwarding node. In GPSR [12] and GEDIR [10], a
node chooses the closest node to the destination among its
neighbors as the next hop while MFR and DIR [10] algo-
rithms prefer the node with the shortest projection (on the
straight line joining source and destination) and closest
direction to the destination, respectively. Although these
greedy algorithms are highly efficient, they may fail if the
network has routing voids, which occurs when a routing
node cannot find a “better” neighbor than itself. Previ-
ous studies found routing voids are prevalent in random

networks, and hence it is important for geographic rout-
ing protocols to recover when a packet reaches a rout-
ing void [12]. It should be noted that the recovery mode
inevitably introduces overhead and complexity to geo-
graphic routing protocols. GPSR recovers from local min-
ima around the faces of planar subgraphs extracted and
maintained from the communication graph of the original
network, while MFR and DIR [10] use flooding to cir-
cumvent the routing void. In this paper, we prove that,
contrary to the case on random networks, routing voids
do not exist in sensing-covered network with the double-
range property, and geographic routing protocols never
need to enter recovery mode in such networks.

Analysis on (network and Euclidean) stretch factors on
specific geometric topologies has been studied recently
in the context of wireless networks. The recovery algo-
rithm in GPSR [12] routes packets around the faces of two
planar subgraphs, namely Relative Neighborhood Graph
(RNG) and Gabriel Graph (GG), to escape from routing
voids. However GG and RNG are not good spanners of
the original graph [14], i.e., two nodes that are few hops
away in the original network might be connected via a
very long path in GG and RNG. The Delaunay Triangu-
lation (DT) has been shown to be a good spanner with a
constant stretch factor [15][16][17].

Parallel Voronoi Routing(PVR) [18] algorithm routes
packets on DT edges and proves to have bounded path
length. However, it is not applicable to ad hoc wireless
sensor network since a DT may contain arbitrarily long
edges which exceed limited wireless transmission ranges.
To enable the local routing algorithms leveraging the good
spanning property of DT, [19][20] proposed distributed
algorithms for constructing local approximations of the
DT. Interestingly, these local approximations to DT are
also good spanners with the same constant stretch factor
as DT. However, finding the routing path with constant
stretch factor requires global topology information [15]
which prevents the use of local routing algorithms. Paral-
lel Voronoi Routing(PVR) [18] deals with this problem by
exploring parallel routes which may lead to competitive
paths. However, additional overhead and the complex-
ity of maintaining separate paths are introduced. Unlike
the existing results that assume arbitrary node distribution,
our work focuses on the network dilation and their rela-
tionship with the raio of communication range and sens-
ing range on sensing-covered topology that is common in
wireless sensor networks.

I1l. PRELIMINARIES

In this section, we introduce a set of assumptions and
definitions used throughout the rest of this paper.



A. Assumptions

We assume every node is a device (e.g., a Berkeley
mote [21]) that integrates sensors, processing units, and
awireless interface. All nodes are located in a two dimen-
sional space.

Every node has the same sensing range R,. The cir-
cle that has radius R and is centered at the node loca-
tion is called the sensing circle of the node. A node can
cover any point within its sensing circle, i.e., any point
that is less than R, away from it. For analysis purposes,
we assume that a node cannot cover any point on its sens-
ing circle. While this assumption has little impact on the
performance of a sensor network in practice, it simplifies
our theoretical analysis. A network deployed in a con-
vex region is sensing covered, if any point in the region is
covered by at least one node. A network is K (K > 1)
covered if any point in the deployment region is covered
by at least K nodes. Any two nodes u and v can directly
communicate with each other if the Euclidean distance be-
tween them is less than a communication range R.. The
graph G.(V) is the communication graph of a set of nodes
V', where each node in the set is represented by a vertex,
and for any node « and v in V, the edge (u,v) exists if
and only if the Euclidean distance between « and v is less
than communication range R..

The ratio between the communication range, R., and
the sensing range, R, is a critical factor in the routing
property in a network. In this paper, we call this ratio the
range ratio, « = R./Rs. Intuitively a sensing-covered
network with a larger range ratio has a denser communica-
tion graph and hence better connectivity and routing prop-
erty. As the range ratio decreases, the impact of sensing
coverage on routing diminishes. It has been shown in [8]
that o = 2 is a critical threshold for a sensing covered net-
work to guarantee network connectivity. In the rest of the
paper, we assume a network satisfies a > 2, i.e., double-
range property. The communication range of existing
wireless sensors, e.g., the mica2 Berkeley mote [22], can
be as far as 1000 ft. We believe the double-range property
holds in many applications.

B. Metrics

The quality of a network path can be characterized by
its network length (i.e., hop count) and Euclidean length
(i.e., the sum of the Euclidean distance of each hop). Net-
work length has a significant impact on the throughput and
delay of multi-hop network and is the focus of this paper.
Euclidean length is related to wireless energy consump-
tion.

Stretch factors are important metrics for comparing
the routing quality between two graphs. Let 7¢(u,v)

be the shortest path connecting « and v in graph G(V).
|7a:(u,v)| and ||7¢(u,v)|| refer to the Euclidean length
and network length (also referred to as hop count) of
7¢(u,v), respectively. A graph G is an network (Eu-
clidean ) t-spanner of another graph H if V/(G) = V(H)
and

¥ u,v € V,||ra(u,0)|| < tlr(u,v)]
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t is called network (Euclidean) stretch factor of the
spanner G.

Network (Euclidean) dilation, denoted by D,,(D.), rep-
resents the absolute bound of the routing quality in a net-
work. Network (Euclidean) dilation is defined as follows:
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The network (Euclidean) dilation of a graph G(V') can
be viewed as its network (Euclidean) stretch factor rela-
tive to an ideal network in which the network path be-
tween any two nodes is the shorest in terms of Euclidean
length and hops among all networks. In this ideal net-
work, a packet from node w« can reach node v via a net-
work path whose Euclidean length is |uv| and hop count

is Plu%—ﬂ . Wesay D,, (D.) is network (Euclidean) dilation
of a network S under routing algorithm R, (or network
(Euclidean) dilation of routing algorithm R for abbrevi-
ation) if 7o (u,v) in definition 1 represents routing path
found by routing algorithm R in network S.

Clearly, the network (Euclidean) dilation of a network
is an upper-bound of its stretch factor relative to any
network. The definition of Euclidean dilation has been

widely used in graph theory [14].

V. GREEDY GEOGRAPHIC FORWARDING

Geographic greedy forwarding (GF) [12][13] is an ef-
ficient, localized routing algorithm in large-scale ad hoc
wireless networks. Under GF a node makes routing deci-
sions only based on the locations of its (one-hop) neigh-
bors, thereby avoiding the overhead of maintaining global
topology information. In each step a node relays a packet
to the neighbor that has the shortest Euclidean distance to
the packet destination among all its neighbors. However, a
routing node might encounter routing when it can’t find a
neighbor that is closer (in terms of Euclidean distance) to
the destination than itself. In such a case, the routing node
must drop the packet or enter some other more complex



recovery modes [12][10] to escape from the routing void.
In this section we prove GF always succeeds in sensing
covered networks when the double-range rule is satisfied.
We further derive the upper bound of network dilation on
sensing covered networks under GF.

Lemma 1—GF Stepwise Advancing Lemma: Ina o >
2 and sensing covered network, GF always advances a
packet closer to its destination. Furthermore, in each
step (other than the last step arriving at the destination),
a packet is at least R. — 2R, closer to the destination.

Fig. 1. Greedy Forwarding Lemma

Proof: Let s, be the destination node and s; be
either the source node or any intermediate node in the
greedy forwarding path, as shown in Fig. 1. If |s;s,]
is less than or equal to R., greedy forwarding deliv-
ers the packet to s, in one step. The packet is clearly
advanced closer to the destination. If |s;s,| is greater
than R., we find point A on the line segment 5;s,, with
|siA| = R.— Rs. Since R. > 2R, point A must be
outside of the sensing circle of s;. Since A is sensing cov-
ered, there must be a node inside the circle C'4 which is
centered at A and has a radius of R,. Cy4 intersects line
segment s; A at point B. Note that circle C4 is internally
tangent with the communication circle of node s;. This
leads to the conclusion that node s; running greedy for-
warding algorithm at least can choose as the next hop a
node inside circle C4. i.e., node A advances the packet at
least R, — 2R, > 0 closer to destination s,,. [ |

Lemma 2—Non-adjacent Distance Lemma: On a rout-
ing path chosen by any greedy geographic forwarding
algorithm, the distance between non-adjacent nodes is
greater than R..

Proof: Let sq be the source node and s,, be desti-
nation node. Assume s, So, ..., S,—1 IS the ordered list of
intermediate nodes of a path from s to s,, found by some
greedy geographic forwarding algorithm. Without loss of
generality, consider the distance between two nodes sy
and sk, 7 > 2. Since a greedy geographic forwarding
algorithm always advances a packet toward s,, in every

step, sk is closer to s,, than any intermediate node be-
tween si and sgy;. If [skskrs| < Re, ki Would have
been chosen by the greedy forwarding algorithm as the
next hop after s;. This contradicts with the assumption
that sj.; and sy, are non-adjacent. |

Theorem 1: If R. > 2R, and the network is sensing-

covered, GF always delivers a packet from source w to

destination v (juv| = 1) in {mw steps.
Proof: Let NV be the number of steps used by GF to

deliver a packet from « to v. From Lemma 1, we have

<t
~ R.—2R;

Hence the number of hops to deliver a packet from w to
v satisfies:

N

l
N<|——
SF=
|

Theorem 1, combined with the definition of network
dilation immediately proves the following corollary.

Corollary 1: If R. > 2R, the network dilation of a
sensing covered network .S under GF satisfies

2

D,, can be viewed as the asymptotic bound on network
dilation of sensing covered network under GF.

From Equation 2, the network dilation of a sensing-
covered network under GF monotonically decreases when
« increases. The network dilation becomes lower than
2 when o« > 4, and approaches 1 when « goes to in-
finity. This results confirms our intuition that a sensing-
covered network approaches an ideal network in terms of
network length when the communication range is signifi-
cantly longer than the sensing range.

However, the GF bound in Equation 2 increases quickly
to infinity when « approaches 2. In the proof of Lemma 1,
when R. = 2R, a forwarding node .S; is on the boundary
of circle C'4. This means that .S; may choose a neighbor
inside C'4 that has infinately small advance to the destina-
tion, thereby there may exist infinate number of steps from
source to destination. On the other hand, Lemma 2 shows
the minimal distance between non-adjacent nodes must
exceed R., which may result in an finite number of inter-
mediate nodes between source and destination. Whether



GF has a lower bound when « is close to 2 is an open
research question for future work.

V. DILATION ANALYSIS BASED ON DT

Since whether GF has a lower bound when « is close
to 2 is an open research question, we now present anal-
ysis based on theoretical results on Delaunay Triangula-
tion (DT) that give a tighter bound on dilations in sensing-
covered networks with o« = 2. (Note that this DT-based
bound is not applicable to the network paths found by
GF.) We first study the Delaunay Triangulations(DT) of
sensing covered networks and prove that the DT of sens-
ing covered networks is a subgraph of the communication
graph, when the double-range rule holds. We then quan-
tify the Euclidean and network dilations of sensing cov-
ered networks.

A. Voronoi Diagram and Delaunay Triangulation

\oronoi diagram is one of the most fundamental struc-
tures in computational geometry and has found applica-
tions in a variety of fields [23]. For a set of n nodes V' in
2D space, the Voronoi diagram of V' is the partition of the
plane into n Voronoi regions, denoted by Vor(i),i € V,
one for each node in V. A point p in the plane lies in
the Voronoi region corresponding to node ¢ if and only
if the distance from point p to node ¢ is shorter than to
any other node in V. The boundary of two contiguous
\oronoi regions is called Voronoi edge. Voronoi edge is
on the perpendicular bisector of the segment connecting
two adjacent nodes. A Voronoi vertex is the intersection
of Voronoi edges. We assume that all nodes are in gen-
eral positions (i.e., no four nodes are co-circular). the
k — order Voronoi diagram is the partition of the space
into regions according to the & closest nodes. The dual
graph of a Voronoi diagrams. The Delaunay Triangula-
tion (denoted by DT'(V)), is also an important geometric
structure. Two nodes « and v are connected in DT'(V) if
and only if the Voronoi regions of nodes » and v share a
boundary. DT'(V') consists of Delaunay triangles. Each
Voronoi vertex is the circumcenter of a Delaunay triangle.
DT (V) is planar, i.e., no two edges cross.

It is well-known that the DT of a set of points V/
is a good Euclidean spanner to the complete graph of
V [15][16]. i.e., for any two nodes » and v in V/, the length
of the path connecting « and v in DT'(V') is within a low
ratio of the Euclidean distance |uv|.

B. Euclidean Dilation Property

In this section, we investigate the Euclidean dilation
property of sensing covered networks. We first study the

relationship between sensing coverage and Voronoi dia-
gram, which leads to bounded Euclidean dilation property
in sensing covered networks.

In a K-covered (K > 1) convex sensor deployment re-
gion, any point in the region is covered by at least K sen-
sors. This observation results in the the following cover-
age Lemma.

Lemma 3: A convex region A where a set of nodes V
is deployed. Region A is K-covered if and only if the K
nodes associated with each Voronoi region can cover the
the Voronoi region in the K-order Voronoi diagram of V.

Proof: The nodes partition the convex region A into
a number of Voronoi regions in the K-order Voronoi dia-
gram. Each Voronoi region has K nodes associated with
it such that all points in the Voronoi region share the same
set of K closest nodes. Clearly, if each Voronoi region is
K-covered, i.e., is covered by each of the K nodes associ-
ated with the Voronoi region, region A is K-covered.

On the other hand, If region A is K-covered, any point
in region A is K-covered, i.e., is covered by the K closest
nodes to it. In the K-order Voronoi diagram, all points
in a Voronoi region share the same set of closest nodes.
Thus the K nodes associated with each Voronoi region
can cover any point in the region. [ |

We should note that in a convex sensing covered region
A, the Voronoi region of a node locating at the vicinity of
A’s boundary could exceed the boundary of A or even be
unbounded. In such a case, Lemma 3 still holds if we only
consider the part of the Voronoi region which lies in the
region A.

According to Lemma 3, in 1-covered network, every
\oronoi region is bounded by the sensing range Rs. This
property in turn results in the following Lemma on De-
lauany Triangulations — the dual graph of Voronoi dia-
gram.

Lemma 4: Inasensing covered convex region A where
a set of nodes V' is deployed, when o > 2, the Delaunay
Triangulation of the nodes is a subgraph of the communi-
cation graph, i.e., DT (V) C G.(V). In addition, any DT
edge is no longer than 2R;.

Proof: It is clear that the two graphs DT'(V') and
G.(V) share the same set of vertices. Now we show that
any edge uv in DT (V) isin G.(V'). As illustrated in Fig.
2, the Voronoi vertex p is the intersection of three contigu-
ous Voronoi regions, Vor(u), Vor(v) and Vor(w). From
Lemma 3, Voronoi vertex p is covered by u,v and w. Then
|pul, |pv| and |pw| are all less than R. Thus from triangle
inequality,

|luv| < |up| + |pv| < 2R,

Since R. > 2R, |uv| < R.. So wwv is an edge in the
communication graph G.(V'). [



Fig. 2. Voronoi Diagram of a Sensing Covered Network

It is proven in [15] that the Delaunay Triangulation of
a set of points is a good Euclidean spanner of a com-
plete Euclidean graph. The upper bound of the constant
stretch factor is %w [15]. Then the bound is improved

to &35 ~ 2.42 [16]. So we have the following the-
orem regarding the dilation property of sensing covered
networks.

Theorem 2: In a covered convex region A where a set
of nodes V' is deployed, when « > 2, the communication
graph G.(V) has a Euclidean dilation 4f e, Yu,v e
V. Irg. (u,0)] < 2f3ruo]

Proof: From Lemma4, DT(V) C G.(V), thus we
have

4
. (0:9)] < frr ()] < 2 e

Theorem 2 shows that any network path in a sens-
ing covered network is shorter than 4T\(37r ~~ 2.42 times
Euclidean distance between the source and destination
nodes. In addition to the competitive Euclidean dila-
tion property, next we show that communication graph of
a sensing covered network has a good network dilation

property.

C. Network Dilation Property

A good network dilation property is necessary for pro-
viding desirable communication quality. For example, a
network with constant dilation enables the use of efficient
routing protocols with delivery and cost guarantees.

Theorem 3: In a covered convex region A where a set
of nodes V' is deployed, when o« > 2, the length (hop
counts) of the shortest network path connecting node «
and v satisfies

Vu,veV, g (u,v)] <

8v3 [ |uv|
9" {?w 2

| SSi2+2| > Re

Fig. 3. 3 Consecutive Nodes in a Shortest Network Path

Proof: ~ Consider three consecutive nodes s;, S;+1
and s;4o in the shortest network path 7¢.(u,v) as illus-
trated in Fig. 3. The non-consecutive nodes s; and s;o
are mutually invisible, otherwise choosing node s;5 as
the next-hop of node s; results in a shorter path which con-
tradicts with the assumption that ¢, (u, v) is the shortest
network path between v« and v. So the Euclidean distance
between nodes s; and s; 5 is more than R.. From triangle
inequality, we have

|sisit1| + [Sip18i2] > [sisiya| > Re

Thus we have the following relation between the Eu-
clidean length and hop count of network path 7¢_ (u, v):

(w0l > e | TG0l
From Theorem 2, we have
43
ITa. (u,v)| < Tﬂu”’ (4)

For a network path (denoted by 7(u,v)) connecting
node » and v in an ideal network, we have the follow-
ing relation between the Euclidean distance and the hop
count:

el = | 52| = 52 ®)
From 4 and 5, we have
4+/37R,
76 (u, 0)] < ——g—[I7(u, v)] (6)

From 3 and 6, we have

TG, (U, v 4v/37R.
p, | TGt R )
So
831
I7a. (u,v)|| < lmu, v)|| + 2

[ |
From Theorem 3, we can see the asymptotic bound on
network dilation of sensing covered network is @



Theorems 3 and 4 suggest that the covered networks
have good Euclidean and network dilation properties.

We note that the dilation bounds derived in Sections V-
B and V-C are based on theoretical results on DT which
is proven to be a subgraph of a communication graph of
a sensing covered network. We should note that the dila-
tion bounds based on DT are not applicable to localized
routing algorithms since finding the routing path with the
bounded dilations requires global topological information
on DT, as shown in [15]. In addition, the analysis pre-
sented in this section ignores any communication edge be-
tween any two nodes that do not share a Voronoi edge.
When o > 2, however, a DT edge in a sensing cov-
ered network can be significantly shorter than R, and the
bound can be extremely conservative. Therefore, while
the dilation bounds based on DT are acceptable when
« remains close to 2, sinificantly better bounds can be
achieved by greedy routing protocols such as GF when
« becomes higher.

V1. BOUNDED VORONOI GREEDY FORWARDING
(BVGF)

From Sections IV, we note that although GF has sat-
isfactory analytical dilation bound on sensing networks
with o > 2, whether it has analytical lower bound when «
is close to two is still an open question. On the other hand,
the analysis based on Voronoi diagram has a satisfactory
bound when « is close to two, but this bound becomes
conservative when o > 2. These results motivate us to
develop a new routing protocol that has analytical dilation
bound for all cases when o > 2 by combining the greedy
nature of GF and Voronoi disgrams. In this section, we
first present a novel greedy geographic routing protocol
called Bounded Voronoi Greedy Forwarding (BVGF). We
Then derive the upper bound for the network dilation of
BVGF through geometrical analysis.

A. Bounded Voronoi Greedy Forwarding

Similarly to GF, BVGF is an localized algorithm that
makes greedy routing decisions based on neighborhood
locations. In BVGF, each node i maintains a neighbor-
hood table including the location of each (communica-
tion) neighbor 5 as well as the Vornoi vertices of j’s
\ornoi region Vor(j). When i needs to forward a packet,
a neighbor j is eligible as the next hop only if its Voronoi
region Vor(j) intersects with the line joining the source
and destination v. BVGF always chooses an eligible
neighbor that has the shortest Euclidean distance to the
destination. When two eligible neighbors are equidistant
to the destination v, the routing node 7 always chooses the

node lying on the same side of the x-axis as itself. Fig. 4
illustrates a routing path from s; to s;.4. The communi-
cation circle of each node on the path is also shown in the
figure. We can see the next hop of a node might not be
its neighbor in Voronoi diagram (e.g., node s;;1 doesn’t
share a Voronoi edge with node s;).

The key difference between GF and BVGF is that
BVGF only considers neighbors whose Voronoi regions
intersect with the line joining the source and destination.
This effectively bounds the path within a region close to
the line joining the source and the destination. As we will
show later in this section, this feature enables BVGF to
have tight bound on network dilation on sensing covered
networks.

Fig. 4. Routing Path of BVGF

To maintain the neighborhood table, each node period-
ically broadcasts a beacon that includes its own location
as well as the Voronoi vertices of its Voronoi region. Note
each node can compute its own Voronoi vertices based on
its neighbor locations because all Voronoi neighbors are
within its communication range (as proved in Lemma 4).

B. Dilation Analysis of BVGF

In this section, we investigate the quality of BVGF. We
first prove that BVGF always succeeds in sensing covered
networks, i.e., BVGF always advances a packet closer to
its destination in each step. Next we show that any net-
work path found by BVGF fully lie in a rectangle with
midline joining the source and destination nodes. This
result, combined with Lemma 2 which shows the mini-
mal distance between non-adjacent nodes in a routing path
must be longer than R.., we derive the lower bound on the
least progress made by BVGF in four steps in Theorem 4.
Since this lower bound is not tight when « is large, we
derive the tighter lower bound on the progress made by
BVGF in every step in Theorem 5. Finally we establish
upper bound on the network dilation of sensing covered
network under BVGF in Corollary 2.

Lemma 5—BVGF Stepwise Advancing Lemma: If o >
2 and the network is sensing-covered, BVGF always can
deliver a packet from source to destination. In addition,
any line segment connecting two consecutive nodes in a



routing path has a positive projection on the straight line
joining the source and destination.

Proof: Let node s; be either the source node or
an intermediate node in the routing path of BVGF from
node u to v. Since line segment ww intersects the Voronoi
region of s, there must exist a node s;; which shares
a Voronoi edge with s; and line sgs,, intersects \oronoi
region of node siy;. The line on which the Voronoi
edge between them lies defines two half-planes P; and
Py, and s € Py, Sk+1 € Pry1. From the defini-
tion of a Voronoi diagram, any point in half-plane P4
has a shorter distance to point s;.; than to sg. Since
Sp € Pry1, |Sk+1v| < |sgv|. The remaining part of the
statement is proved in [15].

[ |
In the rest of this section, to simplify our discussion
regarding to the routing path chosen by BVGF from a
source node u to destination node v, we assume node
is origin and straight line joining » and v is x-axis. The
Voronoi forwarding region is defined as the rectangular re-
gion uy (0, Rs)u2(0, —Rs)vi(l, —Rs)va(l, Rs). We have
the following Lemma.
Lemma 6: The routing path of BVGF from node u to
node v fully lies in the Voronoi forwarding region of nodes

u and v.
A/ |
-

uz Vi

Va2

Fig. 5. \oronoi Forwarding Region

Proof: As illustrated in Fig. 5, s; is a node in a
routing path of BVGF from source « to the destination
v. Since the Voronoi region of s; intersects the x-axis uw,
there must exist a Voronoi vertex in the Voronoi region of
s4, p, Which lies at the opposite side of the x-axis from s;.
Let w be the intersection point of the line segment s;p and
the x-axis. From Lemma 3, |ps;| < Rs. Hence the dis-
tance from point s; to the x-axis |s;t| < |s;w| < |s;p| <
R. Furthermore, from Lemma 5, z(u) < z(s;) < z(v).
So node s; lies in the rectangular Voronoi forwarding re-
gion of nodes « and v. |

Lemma 1 in Section IV guarantees the distance be-
tween two non-adjacent nodes in a BVGF routing path
must be greater than R, while Lemma 6 restricts the path
to be within the rectangular Voronoi forwarding region
whose midline lies on the x-axis. Thus intuitively a rout-
ing path connecting non-adjacent nodes must make some
progress on the x-axis. Specifically, we have the following

Lemma.

Lemma 7—One-side Advance Lemma: Ina « > 2 and
sensing-covered network, for any two non-adjacent nodes
lying on the same side of the x-axis in a routing path cho-
sen by BVGF, the projected progress on x-axis is at least
RsvVa? —1

Proof: Let u be the source node and v be the desti-
nation node, and u = sg, s1, So, ..., S, = v be the ordered
list of nodes of a path from « to v found by BVGF. From
Lemma 1, we know that |sgsii;| > R. (i > 1). sx and
Sk are on the same side of the x-axis, combined with
Lemma 6, we have

|Yk+i — Y| < Rs

this in turn leads to

i — okl = VIswSkil? — Wkri — Yi)?
> VR?2—R?2=RsVa?-1
[ |

Y Py St R

| S s
Vi :-I — i

[ L

, S, X K S,

R, |
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Fig. 6. Minimum Co-Plane Nonadjacent Advancing by BVGF

Similarly, we can prove that if the two non-adjacent
nodes are on the different sides of the x-axis, their pro-
jected progress on x-axis is no less than \/R2 — 4R2
(proof omitted).

Lemma 8—Two-side Advance Lemma: Ina « > 2 and
sensing-covered network, for any two non-adjacent nodes
lying on different sides of x-axis in a routing path cho-
sen by BVGF, the projected progress on x-axis is at least
RVa? — 4.

Combining different cases of non-adjacent node loca-
tions, we can prove the lower bound on the progress made
by BVGF in four consecutive steps.

Theorem 4: In a « > 2 and sensing covered network,
the BVGF advances at least A4 projected progress toward
destination on x-axis in four consecutive steps, where

A, — Ro?2—1 ifa <5,
YT 2RVaZ =1 ifa> V5,

Proof: Let u be the source node and v be the des-
tination node. Let u = s, s1, S2, ..., 8, = v be the se-
quence of nodes on the path from u to v chosen by BVGF.
Let sk, sp+o and siy4 be three consecutive every other



nodes. And without loss of generality, let s, lie above the
x-axis. Fig. 7(a)(b)(c)(d) show all possible configurations
of sk,sip+o and sg4. We now derive the least projected
progress between s and sy 4 toward destination.

When s and sy 4 lie on different sides of the x-axis, as
illustrated in Fig. 7(b)(d), the least projected progress be-
tween sy and sy.4, dpq Can be computed as the sum of the
least progress between s and s o and the least progress
between sy 2 and si4, ,0y Lemma 7 and Lemma 8:

Opa = VRZ— R2 4+ \/R2 — 4R?2

When s, and sy 4 lie on the same side of the x-axis,
as shown in Fig. 7(a)(c), from Lemma 7, the projected
progress between them is at least d,. = /R2 — R2. On
the other hand, by Lemma 7 and Lemma 8, the least
progress can be computed as the sum of the least progress
between s; and sy o and the least progress between s o
and sg4, i.6., 0, = 21/ R2 — 4R? as shown in Fig. 7(a) or
d. = 24/ R2 — R? as shown in Fig. 7(c). Clearly, . > 6,
and doesn’t contribute to the lower bound on the projected
progress. Thus the max{dsq, d,} Will serve as our lower
bound when s; and s 4 lie at the same side of the x-axis.

Summarizing this two cases, the lower bound of pro-
jected progress between s; and s; 4 is

Ay = min{dpg, max{dac, I } }

From the relation between dp4, dqc and d,, A4 can be
reduced to the form shown in the statement of theorem.
Details are omitted due to the space limitations.

|
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Lower-bound on Bounded Voronoi Greedy Forwarding Ad-

We can see from the proof of Theorem 4, the least
progress of a BVGF routing path toward the destination

in four consecutive steps is bounded. When a > 2, i.e.,
the sensing range is much smaller than the communica-
tion range, sensing coverage of the network can result in
a very high density of nodes in the communication range
of a routing node. Thus the projected progress in each
step of BVGF approaches R.. In such a case, the non-
adjacent advancing property of greedy geographic for-
warding doesn’t take effect anymore since the progress
in two hops always exceeds R, which is the lower bound
from the non-adjacent advancing property. Thus we need
to seek a tighter bound in such a case.

Theorem 5: When o > 1 + /2 and the network is
sensing covered, the BVGF advances at least A, =
Rs(Va? — 2a — 1) projected progress toward the desti-
nation in each step.

Sl

@

|
Fig. 8. Lower-bound on the one-step Advance of BVGF
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Proof: As illustrated in Fig. 8, node s; routes pack-
ets from s to destination s,,. Let point p be the projection
of s; on the x-axis. From Lemma 6,s;p < R,. Let point d
be the point on the x-axis such that |s;d| is R. — Rs. Sup-
pose w is the node whose Voronoi region contains point d.
The x-axis intersects the Voronoi region of node « since
point d lies on the x-axis. Since point d must be sensing
covered, node u is within the circle C; whose center is d
and radius is Rs. Suppose the line segment pe intersects
circle Cy at point c. Since |s;d| = R. — Rj, circle Cy is
tangent with the communication circle of node s;. Thus
any node w is within the communication range of node s;.
So node s at least can choose node w as the next hop. It
is clear that the progress of « toward the destination s,
is minimal when node w lies at point ¢, i.e., the least pro-



jected progress from s; to the next hop node is
Ay pc|

|pd| - Rs

VIsidl* = |sip|* — Rs

> \/(Rc - R8)2 - Rg - Rs

= Ri(Va?—-2a-1)

When o > 1 + /2, the progress is greater than zero. W
By Theorem 5 and Theorem 4, we now prove the rout-

ing path found by BVGF is bounded for any two nodes.
Theorem 6: When « > 2 and the network is sensing

covered, for any pair of nodes « and v, BVGF always can

find a routing path no longer than min{4 {ALJ , {ALJ}
(luww| =1).

Proof: Let N be the number of hops used by BVGF
to deliver a packet from v to v. From Theorem 4, we have

41 l
N<|— 4<4|— 7
8 {AJ e [AJ "
Note a tighter bound of IV can be derived by discussing
the residual of NV divided by 4. It is not discussed here
due to space limitations.
Similarly, from Theorem 5, we have

l
V=< H ®)

From equation 7 and 8, we have

o] (4]
|

This result, combined with the definition of network di-
lation immediately proves the following corollary.

Corollary 2: When « > 2, the network dilation of
sensing network S under BVGF satisfies

min{4 | ][ [}
D,, < max{ - S
u,VES e
R
If we don’t consider the rounding in the derivation of
D,,, we have

7 if o <5,
D, ={ & if3.8>a > /5, 9)
if > 3.8,

Va2—4
o
VaZz—2a-1

D,, can be viewed as asymptotic bound on network di-
lation under BVGF.

10

VII. EXPERIMENTS

In this section we present our simulation results. The
purpose of the experiments is twofold. First, we com-
pare the dilations of BVGF with existing GF routing pro-
tocol. Second, we measure the tightness of the theoretical
bounds on both routing algorithms we established in pre-
vious sections.

All simulations in this section are performed in sens-
ing covered network topologies produced by the Coverage
Configuration Protocol (CCP) [8]. One thousand nodes
are randomly distributed in a 500 x 500m? region. CCP
maintains a set of active nodes to provide full sensing cov-
erage to the deployment region. Redundant nodes are
turned off for energy conservation. All nodes have the
same sensing range of 20m. We vary R, to measure the
network and Euclidean dilations of GF and BVGF un-
der different range ratios. Each data point presented in
this section are averages of five runs on different network
topologies produced by CCP. In each round, a packet is
sent from each node to every other node in the network.
There is no packet loss due to transmission collision in our
simulation environments. As expected, 100% packets are
delivered by both algorithms.

Network Dilation vs. Rc/Rs
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Fig. 9. Network Dilations

Fig. 9 shows the measured network dilations of a sens-
ing covered network under GF and BVGF. For com-
parison purposes, The asympototic dilation bounds for
each algorithm and the DT-based dilation bound are also
shown.

We can see the measured dilations of GF and BVGF
remain close to each other. Both GF and BVGF can find
routing paths with very low dilations (smaller than two)
in all ratios of R. and R,. This confirms the intuition that
the sensing covered networks with double-range prop-
erty are dense and both algorithms can find short paths.
When R./R, increases, the measured dilations of both
algorithms approach the asymptotic bounds of both algo-
rithms. When R./R; is closer to 2, however, the differ-



ence between the asymptotic bounds and the correspond-
ing measurement becomes wider. Intuitively, this is be-
cause the worst case node distribution from which the up-
per bounds are derived are rare when the network is less
dense.

We can see from Fig. 9 that the measured network di-
lations are slightly lower than the asymptotic bounds for
both algorithms when R./Rs > 6. This is because when
R, becomes large, the length of network path becomes
small and the effect of rounding in the calculation of net-
work dilations becomes significant. Ignoring rounding in
deriving asymptotic dilation bounds (Equation 2 and 9)
make them slightly lower than measured values. When
R./Rs is large enough, both the asymptotic and measured
dilation bounds approach 1 for the two algorithms (not
shown in the figure).

The result also indicates that the network dilation of GF
is significantly lower than the asymptotic bound presented
in this paper. Whether GF has lower dilation bound is an
open question that requires future work. In addition, it
confirms the observation that the fixed DT-bound is con-
servative when R./R, becomes large.

Euc Dilation vs. Rc/Rs
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Fig. 10. Euclidean Dilations

For completeness, we also show the Euclidean dilations
in Fig. 10. BVGF outperforms GF for all ratios of R,
and R,. This is due to the fact BVGF always forwards
a packet along a path close to the straight line joining the
source and destination (as proven in Lemma 6). The lower
Euclidean dilation may lead to potential energy savings in
wireless communication.

The simulation results have shown that the proposed
Bounded Voronoi Greedy Forwarding algorithm performs
similarly to GF in practice and can produce routing paths
with lower Euclidean dilation. In addition, the upper
bounds on the network dilation of BVGF and GF estab-
lished in previous sections are tight when R./ R is large.
Especially, when R./R, exceeds 4.5, the network dila-
tion of sensing covered network under both GF and BVGF
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coverges to 1.5, which suggests they are “good enough”
in sensing covered network when R./Rj is large.

VIII. CONCLUSION

This paper presents a theoretical analysis of sensing
covered networks under greedy geographic routing pro-
tocols. We prove that both GF and BVGF can always
succeed on a sensing covered network that satisfies the
double-range property. In particular, BVGF has been
found to have competitive network dilation for any range
ratio no lower than two. An important conclusion from
this investigation is that localized greedy geographic rout-
ing protocols such as GF and BVGF are “good enough” in
sensing covered wireless sensor networks when the com-
munication range ratio is large compared to the sensing
range. In particular, simulations show the network dila-
tion approaches 1.5 when the range ratio approaches 4.5.
Our results demonstrate routing protocols specially de-
signed to handle routing voids are not necessary in such
networks. In addition, redundant sensors can be turned off
without significant loss in communication performance as
long as the remaining active nodes maintain sensing cov-
erage. This result provides theoretical justification for ex-
isting sensing coverage control protocols [7][8][9], that
conserve energy through sleep schedules.

The results presented in this paper are based on the
assumption that all nodes share the same communica-
tion/sensing range. An important future direction is in-
vestigating the impact of non-uniform communication and
sensing ranges on sensor networks. We will also inves-
tigate different sensing (such as directional sensors) and
coverage models. Finally, we plan to perform empirical
studies on a sensor network testbed to evaluate our results
in realistic settings.
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