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Abstract

This paper analyzes the problem of the estimation of the
local mirror shape in a catadioptric imaging system. We
propose a method to recover the 3D coordinates of mirror
surface points as long as there are images of those points,
i.e., aslong asthere isan image of a 3D geometric element
that is reflected by those points. For that purpose the in-
formation required is the image, the intrinsic parameters of
the camera, and the 3D coordinates of 3 pointsin the scene.
The estimation of the local shape can be used to calibrate
the system even though that problemis not addressed in this
paper. We address the problem of the shape recovery for
conic shaped mirrors and rotationally symmetric mirrors.
Experimental results for synthetic images are presented.

1. Introduction

dressed. In this paper we propose a method to recover the
mirror surface locally using the followingpriori informa-

tion: the image, the intrinsic parameters of the camera and
3 3D points in the scene. In the next section the problem of
the mirror surface recovery is addressed and in section 3 we
address the initial value problem. This problem results from
the fact that the surface reconstruction is obtained from the
integration of an ordinary differential equation. In section 4
the validity of the model is demonstrated with experimental
results and then we draw the conclusions.

2. Mirror shaperecovery

In this section the problem of estimating the 3D mirror
points corresponding to the image of a moving point in the
scene is addressed. The point can describe any curve in

Panoramic and omnidirectional images are being increas-the real scene. The corresponding curve on the image (af-
ingly used in many applications. New and interesting ap- ter the reflection) is tracked. The ordypriori information
plications are being developed. Omnidirectional images required are the image of that very point, the intrinsic pa-
are obtained by combining cameras with mirrors. Many of rameters of the camera and the 3D coordinates of two or
these systems use configurations that assure that the projechree points in the scene (depending on the model used).

tionis central. _ _ Let 7 (s) be the point on the mirror surface that we wish

In what concerns the type of mirror employed, rotation- 4 recover. A curve in 3D space will be projected in the im-
ally symmetric conic mirrors are usually used. However, j4e plane and let the curve be parameterized by the variable
those mirrors provide central projection only for special po- ¢ \unich should not be confused with time (see figure 1). It

sitions of the camera [2, 5, 9]. Suppose that the type of the ;g possible to expres?(s) as the sum of its two perpendic-
mirror surface is not known. Can the mirror surface be o, components (see figure 2).

recovered? Using which information? Previous work on
this topic includes some works on reflectance models, po-
larization, color, photometric characteristics and structured
light [1,6-8,14,15,17]. Other approaches to the problem
include using stereo or multiple views [7, 16] and also a _
moving observer or moving surfaces [10, 12]. whereV'r(s) is the unitary reflected ray and .,. > is the

In this paper we are interested in non-central projection inner product. VectorL (s) represents the distance vector

systems with a perspective camera and a rotationally sym-from the origin of coordinates to the reflected ray (notice
metric mirror. The special case of conic mirrors is also ad- ¢~ f(s) V—;(s) >=0)
, .

Let us now differentiate equation 1 with respect to the

—

Z(s) = Lis)+ < Z(s),Vr(s) > Vi(s) (1)
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Figure 1: Reflection through a specular mirror

parametek. It yields:
F(s) = L(s)+ < T(s), Vi(s) > Vi(s)+

+ < P(8), TH(s) > Vi(s)+ < T(s), Vi(s) > Vi(s)

)

_ Letus now calculate the inner product of equation 2 with

17;(3) yielding:

< 2 (s),Vi(s) >=< L(s),Vr(s) > +
+ < T(s), Vi(s) >< Vi(s), Vi(s) > (3)
Sinceﬁ is a unit vector W,W >= 0_s>tands. Re-
arranging the terms with respect4o 7 (s), Vr(s) > and
substituting in equation 1 one obtains (the notafidis) is
substituted throughout the paper by the shorter farh

<R o <D

= =
1Vrl? Vel

(4)

which is a linear system of differential equations @h
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Figure 2: Perpendicular components of the reflected ray.

and the image pointf; = (T1com — Tlimgs T2cam —
T2img>T3cam — f)), Where f is the focal length and
(T1img> T2img) are the image coordinates. These expres-
sions however are valid only if there is no rotation between
the world coordinate system and the camera coordinate sys-
tem. This assumption can be considered without loss of
generality. The expression of the reflected ray is thus known
and its unit vector is given by:

(mlimga x2img, f)T
\/xlgmg + 2%, + f2

and its derivative with respect tois straightforward. Both

7o

(5)

Vr andVr depend on the image point and its motion in the
image, which can be estimated by tracking a point moving
along a curve in the image. Equation 4 is also a function

of the vectorf and its derivative with respect to parameter

s - f Sincef is the distance vector from the origin of

coordinates 6) to the reflected ray it is straightforward to
compute it. The following expression can be used:

3 _(Pi-0)-(Po- P
T=P- A {(Bo-PBy) (6

and its derivative is also straightforward. Since for each
image pointitis possible to know or estimate all coefficients
of equation 4 it can be rewritten in matrix form as:

A(s) 2 (s) = 2 (s) + ¢(s) (7)

where the mass matri#(s) and the vectop(s) can be eas-

Let us now analyze each term of this expression. The ily calculated. Notice however that those entities vary with
reflected ray passes through two known points: the opti- the parametes and therefore these differential equations

cal center of the camerd@{ = (Z1.0m>T2cam> L3cam))

have variable coefficients.



The nature/type of this system of differential equations  Since the new restrictions introduce a third linearly in-
depends on the matriA(s). As a matter of fact it will de-  dependent condition, the rank of matri(s) is 3. Fur-
pend on whethed(s) is singular or not. An analysis of the thermore, matrixA(s) is now over-determined and so its
determinant ofA(s) shows that it is actually singular and pseudo-inverse matrix can be used to estinfﬁ‘(e). The
therefore one could be led to think that the system of equa-final system becomes:
tions is a DAE (Differential system of Algebraic Equations).

However, matrixA(s) is made up of only two linearly in- ?(S) — (ATA)—lATB?(S) + (ATA)—lATj (11)
dependent vectors and it is not possible to transform it into

an ODE (Ordinary Differential system of Equations) or a which an ODE system with variable coefficient matrices.
DAE. That means that new restrictions must be considered

so that matrixA(s) has rank 3. 3. Initial Value Problem

Two new restrictions (although one would be enough)
can be added to the system by considering the natureThe initial value problem is still unsolved. Since the main
of the image projection (perspective projection or ortho- interest of this method is the recovery of the 3D shape of the
graphic projection if that is the case). The restrictions are reflecting mirror with minimak priori data, it is important

Tiimg = f(®1 — T1eam) /(T3 — T30am) ANA T24, = that the initial value problem be solved with minimal initial

flxe — T2p0m) /(T3 — T300m), Wherez;, zo andzs are knowledge of the system. Let us now present a possible

the coordinates of the 3D point to be recovered ang,,,,, solution for this problem.

L2 cqm aNdxs.,.,, are the camera coordinates. Then the sys-

tem becomes: 3.1. Knowingthe Starting Point

Solving equation 11 requires that the initial valug, =
a11%1 + a1as + a1373s =z + k1 ?(0) is known. Consider that one line (or any arbitrary
91 T1 + G2oTo + G933 = o + ko curve) is tracked in the image. Equation 11 can be used
. . . to estimate the 3D coordinates of the mirror points corre-

5191 + AgaTz + A3¥s = T3 + ks (8) sponding to the points being tracked in the image, as long
T3camTlimg = [T1cam = —fT1+ T1imgts as the 3D coordinates of the initial mirror point are known.
L3camPT2img — foCam = _fl'? + L2imgT3

This equation is a DAE of index 1. The index of a DAE 3.2. Closed Contours

is the minimum number of derivatives that have to be taken Assume that the scene contains some closed contours such
on some of the equations so that an explicit ODE can be as rectangles, triangles, circles or any arbitrary closed con-
obtained. So, taking the derivatives of the new restrictions tour (examples of this are doors or chess board-like pave-
with respect to the parametethe resulting ODE systemis ~ments). The interest of those contours lies on the fact
obtained: that equation 11 can be used to estimate the 3D coordi-
nates of the mirror points that reflect the contours without
the knowledge of an initial point. As a matter of fact all

ani + aaz +aizrs =z + ki that is required is that the contour is traversed by iterat-
(2121 + a22%2 + G233 = X2 + ko ing the method until the starting point coincides with the
A31%] + G328y + 3373 = T3 + k3 (9) ﬁnal point (once the figure is closed). If one has a good ini-
Fo1 — T1 T — v, 75 — v, @3 tial guess, the method ;hould converge rap_ldly using well-
) 9 ! 1rveam known methods for solving non-linear equations.
f'T? — L2imgT3 = VUgsT3 — VUzsT3cam
or in matrix form: 33 COI’IIC reﬂeCtOI’S
The previous solution is interesting but as we shall see,
experimental results show that the convergence of such
i1 iz 3 1.0 0 ky method is usually poor unless good initial estimates are
21 G2 (23 010 ks known. Since the many of the mirrors used in omnidirec-
as1 as> agy | T =[0 0 1| T+ |k tional vision correspond to conics, this can be used to obtain
f 0 —T1img 00 va, ka an initial guess. Consider then that the reflector mirror cor-
0 Froo—Taumg 00 v, ks responds to a conic (including elliptic, parabolic, hyperbolic

< A(s)7 =B(s)7 + B(s) (10) and spherical). The equation for such mirrors is:

whereky = —vg, 3.0m ANAks = —V2, T3 00m - r} + 25+ Ar3 + Brz = C (12)



or rewriting:

Estimation of the mirror surface

B\’ B2
a:%+a:§+A<a:3+—> =—+4C (13)
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where this equation assumes that the conic is centered in the
origin of the coordinate system and aligned with the coor-
dinate axes. The general conic equation with an arbitrary
orientation can be used although it increases the number of
unknowns. This problem is being currently addressed. N
The generic mirror point is then given by:
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Z = _ Z2 (14) Figure 3: Estimated values (dashed lines) and true values
,/w - B (solid lines) of the mirror surface. There are three pairs of

lines in the graphic: the upper is thg coordinate and the
Taking the partial derivatives with respect to the spatial two in the bottom of the plot are the, andz, coordinates.

coordinates;; andz; it yields: Elliptic mirror shape.
4 r 1 T
g_z = 0 3D points is three since in that case there will be 9 equa-
- HBJj“L S tions with 9 unknowns (the shape parameters are the same).
L \/ e St (15) The knowledge of the 3D coordinates of three points in the
0 scene and of their corresponding image coordinates allows
0T _ 1 the computation of an estimate of the initial value required
dxe — | zo by equation 11. Additionally estimates for the conic shape
\/c+%—z%—zg B parameters!, B andC are also obtained. These values are
\ L A 2A

- obtained as solutions of the nonlinear system of equations.
and the normal vector to the mirror surface becomes:

o2, o2 4. Experimental results
- ||8_% « 89675 (16) In this section experimental results obtained with synthetic

o X s | images are presented.
For this set of experimental results an elliptic mirror and

Furth the incident ray; can b d usi
urthermore, the incident ray: can be recovered using 5 hergpective camera with a focal lengttsefm were con-

_>
the normal vector and the reflected ry: sidered. We also performed test with an hyperbolic mir-
7 7 ﬁ ? ﬁ ror. Using equation 17 the images of several geometri-
i =V =2< N,V > 17) cal elements (lines, rectangles and curves) were obtained.

— ] ) — The ground truth values computed were the image coordi-
whereVr can be calculated using equation 5 avid = Nates §1 i, (5) ANdz2;n,(s)), the image flow,, (s) and
a7 - ?), being B the vector with the 3D world co- vz, (8)), the coordinates of the corresponding point on the
ordinates of the scene point (see figure 1). If the 3D co- mirror surface & (s), to be recovered) and the 3D coordi-
ordinates of a point are considered to be known as well nates of the points in the scene.

as the reflected ra§77)°, equation 17 provides 3 equations The first experimental results correspond to the estima-
for the following seven unknownst, z», z3, 4, B, C tion of the coordinates of mirror surface points obtained by
anda. However, by using the perspective projection equa- using a 3D square. The results correspond to the solution
tions the number of unknowns can be decreased by twoof equation 11 with known initial value, i.e., wher , is

SINCEZ1T = T1img(T3 — T3cam)/f + Ticam @Ndxy = known. Figures 3 and 4 show the estimated values and
T2img (T3 — T3cam)/f + T2cam- The system of equations  their relative errors. The errors are small for all the coor-
then includes 3 equations for five unknowns;, A, B, dinates. Figure 5 displays in 3D the ground truth points and

C anda. We still have more unknowns than equations. the points recovered on the mirror surface.
Each additional 3D point adds 3 equations and two new  As it can be seen the recovered curve is not closed. To
unknownsrsz; anda;. Therefore the minimal number of  find out a good starting point the approach described in sub-
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Estimation of the mirror surface Estimation result of the square in the mirror surface in 3D

Relative error (%)

] ] ] o ] Figure 6: 3D space representation of the curve recovered
Figure 4: Relative error in the estimation of the points on (thicker line) and the ground truth curve, after the iterative
the mirror surface. matching of the initial and final points.
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Figure 5: 3D representation of the curve recovered (thicker

line) and the ground truth curve. . . .
) g Figure 7. Estimated values (dashed lines) and true values

(solid lines) of the mirror surface. There are three pairs of
lines in the graphic: the upper is thg coordinate and the
section 3.2 was used. As a result of the nonlinear iterative two in the bottom of the plot are the; andz; coordinates.
matching process a closed curve was recovered. The result€onic mirror shape was assumed.
are plotted in figure 6.
Finally, the restriction of the conic mirror was used to
estimate the initial value. In this test the curve used was

a 3D line segment line instead of a closed curve. Figurestpe estimation of the local shape can be used to calibrate
7 and 8 show respectively the comparison of the estimatedne omnidirectional system. If the curve in the image plane
and ground truth values for each spatial coordinate and thejs (raversed the problem of estimating the mirror points is
relative error in the estimation the curve recovered. solved by a system of differential equations, once the ini-

We also performed tests with an hyperbolic mirror. Fig-  tia| value is available. However a good initial value is re-
ure 9 shows that also in hyperbolic the estimation results arequired and that is the main difficulty. If the mirror is con-

good. sidered to be conic (including elliptic, parabolic, hyperbolic
and spherical) then the 3D coordinates of three points in the
5. Summary and Conclusions scene can be used to get a good initial estimate. The ex-

perimental results show that the relative error in the estima-
In this paper the problem of the estimation the mirror shape tion of the 3D coordinates of the mirror points is small. In
of an omnidirectional vision system is addressed. A method the future several extensions are being considered namely to
to locally recover the 3D coordinates of the mirror points other types of mirrors and to study the methods numerical
that reflect a 3D curve into the image plane is proposed. stability.
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Figure 8: Relative error in the estimation of the line seg- Figure 9: Estimated values (dashed lines) and true values

ment points on the mirror surface. Conic mirror shape was (solid lines) of the mirror surface. There are three pairs of
lines in the graphic. From the top to bottom: the upper is

the z; coordinate, the middle pair i, and in the bottom
the pair of lines corresponds ig coordinates. Hyperbolic
mirror shape.

assumed.
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