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Abstract

The calibration of a line-based panoramic camera can be
split into two independent subtasks: first calibrate the ef-
fective focal length and the principal row, and second, cali-
brate the off-axis distance and the principal angle. The pa-
per provides solutions for three different methods, and com-
pares these methods based on experiments using a super-
high resolution line-based panoramic camera. It turns
out that the second subtask is solved best if a straight-
segment based approach is used, compared to point-based
or correspondence-based calibration methods, all already
known for traditional (planar) pinhole cameras, but not yet
previously discussed for panoramic cameras.

1. Introduction
The main characteristic of a line-based panoramic cam-
era is that data acquisition is via one (several) 1D linear
photon-sensing device(s). For example, a digital line-based
panoramic camera consists of one or multiple linear CCD
sensor(s); and a panoramic image is captured by rotating the
linear photon-sensing device(s) intrinsically about an axis,
called rotation axis.

One of the main features of a line-based panoramic cam-
era is its flexibility in panorama acquisition. Two essen-
tial parameters that do not exist in traditional pinhole cam-
eras but play important roles in line-based panoramic cam-
eras are off-axis distance R, and principal angle ω (see
Fig. 1). The off-axis distance specifies how far the lin-
ear sensor is away from the rotation axis, and the princi-
pal angle describes the orientation of the sensor. These two
camera parameters can be dynamically adjusted for differ-
ent scene ranges of interest and application-specific require-
ments (e.g. FOV, sampling precision etc); e.g. allowing
optimizations with respect to scene parameters [13].

Due to intrinsic differences between the traditional pla-
nar pinhole camera model and the panoramic camera model,
previously developed calibration approaches for traditional
(planar) pinhole cameras cannot be used for calibrations of
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Figure 1: The line-based camera model.

panoramic cameras. Although the general calibration sce-
nario (calibration objects, localization of calibration marks,
calculation of internal and external camera parameters etc.),
and some of the used procedures (e.g. detection of calibra-
tion marks) may be similar for both planar and cylindrical
images, differences in camera architecture (e.g. multiple
projection centers, and a nonplanar image projection sur-
face) require actually the design of new camera calibration
methods.

We present and compare three different approaches,
namely point-based, image correspondence, and parallel-
line-based approaches, which all have been used or dis-
cussed already for planar pinhole camera calibration, but
not yet for line-based panoramic camera calibration. The
question arises, how these concepts, developed within the
planar pinhole camera context, can be applied to line-based
panoramic cameras, and what performance can be achieved.
In particular, we pay great attentions on exploring geomet-
ric features in each approach such that the dimensionality
and complexity of panoramic camera calibration can be re-
duced.

2. Camera Model
In this section, a general camera model of a line-based 360◦

panorama is discussed. The camera model is an abstraction
from existing line-based cameras, e.g. [6, 7, 8, 9, 11]. It
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Table 1: Summaries of the performances of three different camera calibration approaches under selected criteria.

Approaches

Number

of Image

Required

Pre-process Complexity Dimensionality
Initial Value

Dependence

Error

Sensitivity

Estimated

R

Estimated
�

Point-based one

identifying

projections of

3D points

nonlinear form

e.g. sine, fractions

and square roots

14 unknowns

[R|T]
*

unavoidable

high
exponential

growing
actual actual

Image

Correspondence
two

searching

image

corresponding

points

linear form
four unknowns

[R|T]
*

not required
ignorable

exponential

growing
ratio actual

Parallel-line-

based
one

identifying

projections of

lines

linear form
three unknowns

[R|T]
*

avoidable
ignorable

linear

growing
actual actual

* [R|T] is a matrix that characterizes camera extrinsic parameters, where R is a rotation matrix and T is a translation vector.

formalizes the basic projective geometry of forming a cylin-
drical panorama, but evades the complexity of optical sys-
tems. This is justified because the optics of a line sensor
is calibrated at production sites of line-based cameras. The
main purpose of the camera model is the specification of the
projection geometry of a cylindrical panorama assuming an
ideal line sensor without optical distortion.

Our camera model has multiple projection centers and
a cylindrical image surface. The geometry of the camera
model is illustrated in Fig. 1, where C (with subscripts i) de-
notes the different projection centers. These are uniformly
distributed on a circle called base circle, drawn as a bold
dashed circle. The plane incident with the base circle is
called base plane. Here, O denotes the center of the base
circle and the off-axis distance R describes the radius of the
base circle. The center of the base circle coincides with the
center of the cylindrical image surface.

An image is partitioned into image columns of equal
width which are parallel to the rotation axis. Figure 1
shows two adjacent image columns. The number of im-
age columns is the width of a cylindrical panorama, and de-
noted by W , which is equal to the number of projection
centers on the base circle. There is a one-to-one ordered
mapping between those image columns and the projection
centers. The distance between a projection center and its
associated image column is called the effective focal length
of a panoramic camera, and is denoted as f (cf. Fig. 1).
The principal angle ω is the angle between a projection ray,
which is emitting from Ci and incident with the base plane,
and the normal vector of the base circle at point C i (cf.
Fig. 1).

The four parameters, R, f , ω, and W are the defining
parameters of our camera model. The values of these pa-
rameters characterize how a panoramic image is acquired.
For a panoramic image EP we write EP (R, f , ω, W ) to
specify its camera parameters. Actually, EP defines a func-
tional into the set of all panoramic images assuming a fixed

rotation axis in 3D space and a fixed center O on this axis.

3. Calibration
This section presents methods for calibrating off-axis dis-
tance R and principal angle ω. These two parameters are
characterizing the ‘non-linear component’ of a panorama,
and their calibration is the new challenge. The other two
parameters, effective focal length fµ (in pixels) and princi-
pal row1 vc, which characterize the ‘linear component’ of
a panorama, are pre-calibrated. These two parameters are
calibrated using the same calibration method as for the tra-
ditional pinhole cameras [12, 1].

The proofs of all four theorems of this section are given
in [3].

3.1. Point-based Approach
A straightforward (traditional) camera calibration approach
is to minimize the difference between ideal projections and
actual projections of known 3D points, such as on calibra-
tion objects, or localized 3D scene points. The same con-
cept is applied in this subsection for the calibration of off-
axis distance R and principal angle ω.

Theorem 3.1. Given a set of known 3D points
(Xwi, Ywi, Zwi)T in world coordinates and their ac-
tual projections (ûi, v̂i)T in image coordinates, where
i = 1, 2, . . . , n. The values of R and ω can be estimated by
solving the following minimization:

min{‖(A1, A2, . . . , An)T ‖2+‖(B1, B2, . . . , Bn)T ‖2}, (1)

where we have

Ai = sin
(

2ûiπ
W + ω

)− Xoi

√
X2

oi+Z2
oi−R2 sin2 ω+ZoiR sin ω

X2
oi+Z2

oi
,

Bi = v̂i + vc − fµYoi√
X2

oi+Z2
oi−R2 sin2 ω−R cos ω

,

1The image row where the panorama intersects with the base plane.
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and
 Xoi

Yoi

Zoi


 =


 Xwit11 + Ywit12 + Zwit13 + t14

Xwit21 + Ywit22 + Zwit23 + t24
Xwit31 + Ywit32 + Zwit33 + t34


 .

The parameters fµ and vc are assumed to be pre-
calibrated. Therefore, there are 14 parameters in total to
be estimated using a nonlinear least square optimization
method. These 14 parameters consist of the targeted param-
eters R, ω, and the twelve unknowns in the transformation
matrix, namely tjk , where j = 1, 2, 3 and k = 1, 2, 3, 4.

The objective function in Eqn. (1) is rather complicated.
The parameters to be estimated are enclosed in sine func-
tions and square roots involved in both numerator and de-
nominator of the fractions. The dimensionality is high due
to the fact that the extrinsic parameters are unavoidable in
this approach. Hence, a large set of 3D points is needed for
a reasonably accurate estimation.

The quality of calibration results following this approach
highly depends on the given initial values for parameter esti-
mation. Our error sensitivity analysis indicates exponential
growth. Several assessments for this approach are summa-
rized in Tab. 1.

3.2. Image Correspondence Approach
In this subsection, we investigate the possibility of calibrat-
ing R and ω using the information of corresponding image
points in two panoramas. Since this approach requires nei-
ther scene measures nor a calibration object, thus avoiding
a dependency from camera extrinsic parameters in the cali-
bration process, it is surely of interest to see to what extent
the camera parameters can be calibrated, and how its per-
formance compares to other approaches.

The general idea of this approach is similar to a recovery
of epipolar geometry for a panoramic pair. Epipolar curve
equations are used to match provided image points, and the
parameter estimation is based on such pairs of correspond-
ing points.

For the camera calibration, we should choose a geomet-
rical representation to be as simple as possible for describ-
ing the relation between two panoramas such that a more
stable estimation can be obtained. We choose the geome-
try of a concentric panoramic pair2 for detailing an image-
correspondence based approach.

The concentric panoramic pair can be acquired in various
ways. The authors obtained that the configuration that con-
sists of different off-axis distances, say R1and R2, and the
same principal angle ω, gives the best accuracy for image-
correspondence based calibration. Hence we address this

2A pair of panoramas whose rotation axes and associated rotation cen-
ters coincide is called concentric panoramic pair [4, 5, 10].
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Figure 2: A concentric pair with 35 corresponding image
points for the calibration of the camera parameters, off-axis
distance R and principal angle ω.

configuration in the following theorem. Note that the ef-
fective focal length and the image width are assumed to be
identical for both images.

Theorem 3.2. Given n pairs of corresponding image points
(x1i, y1i) and (x2i, y2i), where i = 1, 2, . . . , n, in a con-
centric pair of panoramas EP1(R1, f , ω, W ) and EP2 (R2,
f , ω, W ). The ratio R1 : R2 and ω can be calibrated by
minimizing the following cost function:

min

n∑
i=1

(yi2 sin σiX1 + (yi2 cosσi − yi1)X2

−yi1 sin σiX3 + (yi1 cosσi − yi2)X4)
2 , (2)

subject to the equality constraint X1X4 = X2X3, where

σi =
(

2π
Wµ (x1i − x2i)

)
, µ is the pixel size, and X1 =

R2 cosω, X2 = R2 sinω, X3 = R1 cosω, and X4 =
R1 sin ω.

Once the values of X1, X2, X3, and X4 are obtained,
R1
R2

and ω can be calculated by

R1

R2
=

√
X2

3 + X2
4√

X2
1 + X2

2

and ω = arccos

(
X1√

X2
1 + X2

2

)
.

The objective function of this correspondence-based ap-
proach is in linear form and there are only four unknowns

Table 2: Error sensitivity results of the camera calibration
based on the image correspondence approach.

Input data error

in pixel
Estimated � error

in (%)

0.0 0.00

0.5 0.17

1.0 0.52

1.5 2.78

2.0 10.34

3.0 28.14

4.0 68.25

5.0 155.62
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to be estimated, namely X1, X2, X3, and X4 in Eqn. 2. In
this case, at least four pairs of corresponding image points
are required. This can be considered to be a great improve-
ment compared to the point-based approach. However, the
results of estimated values for real scene data remain to be
very poor, i.e. far from the known parameter values. An ex-
periment using a real scene and a concentric panoramic pair
is illustrated in Fig. 2, and there are 35 pairs of correspond-
ing image points identified manually, marked by crosses and
indexed by numbers. We use the optimization method of se-
quential quadratic programming [2] for estimating R1

R2
and

ω. This experimental result stimulated further steps into the
analysis of error sensitivity.

The authors analyzed the error sensitivity by simulation
using synthetic data. The ground-truth data are generated in
correspondence to a real case, and the errors are simulated
by additive random noise in normal distribution, pertur-
bating the coordinates of ideal corresponding image point-
pairs. Calibration results after adding errors are shown in
Tab. 3.2. We see that the estimated result is rather sensitive
to these errors. The errors of the estimated parameters in-
crease exponentially with respect to the input errors. These
results may serve as guidance for studies of error behavior
of calibration results for real image and scene data.

Despite the error problem, the correspondence-based ap-
proach is unable to recover the actual value of R, which is
(of course) one of the main intentions of the intended cal-
ibration process. The assessments of this approach is also
summarized in Tab. 1.

3.3. Parallel-line-based Approach
In this subsection, we discuss another possible approach
that has been widely used for planar pinhole camera cali-
bration, which we call parallel-line-based approach. This
approach is presented by exploring the related geometric
properties such as distances, lengths, orthogonalities of a
few straight lines, and transforming them into constraints
for estimating the camera parameters. The main intention
is to find a single linear equation that links 3D geometric
scene features to the camera model such that by providing
sufficient scene measurements we are able to calibrate the
values of R and ω with good accuracy.

Constraint 1: Distance

We assume that there are more than two straight line seg-
ments in the captured real scene (e.g. straight edges of ob-
jects), which are parallel to the rotation axis. The lengths
of those line segments are known. All straight line seg-
ments are denoted as L and indexed by a subscript for the
distinction of multiple lines. The length of segment L i is
denoted as Hi. The length of the projection of a line seg-
ment on an image column u can be determined from the

�1 �2

H1H1
H2H2

D12D12
D34D34

�3

�4

�5

H3H3

H4H4

H5H5

D45D45

O

Top View

RR

C1

P1

P2
P3

P4

P5

C2

C3 C4
C5S1S1

S2S2

S5S5

S3S3

S4S4

�34

�12 �45

Orthographic View

Object A

Object A
Object B

Object B

(A) (B)

O
Ci

�

Image cylinder

RR

ui

P1 P2 P3

P4

P5

h5h5
h1h1

h2h2
h3h3 h4h4

Figure 3: Geometrical interpretations of the parallel-line-
based camera calibration approach.

input image, denoted as h in pixels. Examples of H i and
its corresponding hi values are depicted in Fig. 3(A) where
i = 1, 2, . . . , 5.

The distance between two lines Li and Lj is the length
of a line segment that connects and is perpendicular to both
lines Li and Lj . The distance is denoted as Dij . If the
distance between two straight lines is measured (in the 3D
scene), then we say that both lines form a line pair. One line
may be paired up with more than one other line. Figure 3(A)
shows examples of three line pairs, namely (L1, L2), (L3,
L4), and (L4, L5).

Consider two straight lines Li and Lj in 3D space and
the image columns of their projections, denoted as u i and
uj respectively, on a panoramic image. The camera optical
centers associated with image columns ui and uj , respec-
tively, are denoted as Ci and Cj . The angular distance of
two associated image columns of lines Li and Lj is the an-
gle defined by line segments CiO and CjO. We denote the
angular distance of a line pair (Li, Lj) as θij . Examples of
angular distances for some line pairs are given in Fig. 3(B).
The angular distance θij can be calculated in terms of dij ,

that is θij = 2π|ui−uj |
W .

The distance between a line Li and the associated cam-
era optical center (which ‘sees’ the line Li) is defined by
the length of a line segment starting from the optical center
and ending at one point on Li such that the line segment is
perpendicular to the line Li. The distance is denoted as Si.
We can infer the distance Si by Si = fµHi

hi .

Theorem 3.3. Given n pairs of (Lit, Ljt), where t =
1, 2, . . . , n. The values of R and ω can be estimated by
solving the following minimization:

min

n∑
t=1

(K1tX1 + K2tX2 + K3tX3 + K4t)
2
, (3)

subject to the equality constraint X1 = X2
2 + X2

3 , where
Kst, s = 1, 2, 3, 4, are coefficients, and Xs, s = 1, 2, 3 are
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Figure 4: Line-based panoramic camera at the Institute of
Space Sensor Technology and Planetary Exploration, Ger-
man Aerospace Center (DLR), Berlin.

three linearly independent variables. We have X1 = R2,
X2 = R cosω, and X3 = R sin ω. Morover, we have

K1t = 1 − cos θijt ,

K2t = (Sit + Sjt)(1 − cos θijt) ,

K3t = −(Sit − Sjt) sin θijt , and

K4t =
S2

it + S2
jt − D2

ijt

2
− SitSjt cos θijt ,

which can be calculated based on the measurements from
real scenes and the image.

The values of R and ω can be found uniquely by

R =
√

X1 and ω = arccos
(

X2√
X1

)
.

Constraint 2: Orthogonality

We say that an ordered triple (Li, Lj , Lk) of three parallel
line segments is orthogonal iff the plane defined by lines
Li and Lj and the plane defined by lines Lj and Lk are
orthogonal. It follows that the line Lj is the intersection of
these two planes. For example, in Fig. 3(A), (L3, L4, L5)
is an orthogonal triple. Under the condition that (L i, Lj ,
Lk) is an orthogonal triple, we may conclude the following
theorem without the knowledge of the distance between any
line pair. In other words, the values of D ij and Djk can be
unknown.

Theorem 3.4. For any orthogonal triple (Li, Lj , Lk), we
may derive a linear relation which is the same as in the
distance-based approach except that the expressions of the
four coefficients are different. Hence, the minimization of
Eqn. 3 and the calculations of R and ω in the distance-
based approach also apply to this modified approach.

DLR Berlin-Adlershof provided the line camera WAAC,
see Fig. 4, for experiments with real images, scenes and

panoramic images. The camera was mounted on a turntable
supporting an extension arm with values of R up to 1.0 m.
The value of R was set to be 10 cm in our experiments.

Figure 5 shows one of the panoramic images taken in a
seminar room of the DLR-Institute of Space Sensor Tech-
nology and Planetary Exploration at Berlin. The size of the
seminar room is about 120 m2. The image has a resolution
of 5, 184 × 21, 388 pixels. The pairs of lines (eight pairs
in total) are highlighted and indexed. The lengths of those
lines are also manually measured, with an expected error of
no more than 0.5% of their readings. The data of these sam-
ple lines used for the camera calibration are summarized in
Tab. 3.3.

The results are summarized as follows: when all pairs
are used, we obtain R = 10.32 cm and ω = 161.68 ◦. If we
select pairs {2,3,4,7,8}, we have R = 10.87 cm and ω =
151.88◦. If we only use the pairs {2,4,8}, then R = 10.83
cm and ω = 157.21◦. This indicates influences of sample
selections and of the quality of sample data onto the cal-
ibration results; further investigations of the selection and
quality criteria will follow.

We also tested the error sensitivity for both constraints
to analyze the impact of errors onto the estimated parame-
ters. Synthetic data are generated in correspondence with
the previously used values for real data (i.e. R = 10 cm and
ω = 155◦). Errors in values of Si, Dij , and θij are in-
troduced into the synthetic data independently with a max-
imum of 5% additive random noise in normal distribution.
The range of Si is from 1 m to 8 m, and the range of θ ij

is from 4◦ to 35◦. The sample size is eight. The average
results of 100 trials are shown in Fig. 6. The results sug-
gest that estimated parameters using the orthogonality con-
straint are more sensitive to errors than in the case of using
the distance constraint. The errors of the estimated param-
eters increase linearly with respect to the input errors for
both cases.

4. Conclusion and Future Work

This paper discussed three different approaches, namely
point-based, image correspondence, and parallel-line-

Table 3: Parallel-line-based panoramic camera calibration
measurements associate with the panorama shown in Fig. 5.

Index Hi = Hj (m) hi (pixel) hj (pixel) Dij (m) dij (pixel)

1 0.0690 91.2 133.8 1.4000 1003.1

2 0.6320 600.8 683.0 1.0000 447.3

3 0.5725 351.4 367.4 1.5500 490.5

4 1.0860 1269.0 1337.6 0.6000 360.9

5 0.2180 273.0 273.6 0.2870 180.1

6 0.0690 81.8 104.2 1.4000 910.5

7 0.5725 318.0 292.0 1.5500 398.2

8 1.3300 831.2 859.4 1.3400 422.5
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Figure 5: A test panorama image (a seminar room at DLR Berlin-Adlershof) with indexed line-pairs.

based, for calibrating line-based panoramic cameras. The
experiments allowed to compare these approaches with re-
spect to the performance criteria specified in Tab. 1. As
a result of the comparison shown in Tab. 1, we conclude
that the parallel-line-based approach allows the most accu-
rate calibration results as well as the best numerical stability
among these three studied approaches.

In future work, we are interested in looking into utiliz-
ing different geometric features (e.g. conic), properties, or
‘hybrid’ for avoiding the strict assumption that the rotation
axis must be parallel to the calibration lines in the parallel-
line-based approach. Also, in the image correspondence ap-
proach, we will investigate other possible configurations of
panoramic pairs such that the actual value of off-axial dis-
tance R can be calibrated.
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