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Abstract

Paracatadioptricsensos combinea parabolic shapedmir-
ror and a camea inducing an orthographic projection.
Sud a configuition providesa wide field of view while
keepinga single effectiveviewpoint. In generl the para-
catadioptricimage of aline is a coniccurve Theestimation
of line imagesis animportantsubjectfor applicationssud
as reconstructionand visual control of motion. Howerer
the estimationof the conic curveswhete lines are mapped
is hard to accomplish.In generl only a small arc of the
conicis visible in the image and corventionalconicfitting
techniquesare unableto correctly estimatethe curve This
papershowsthat line images can be accurately estimated
by constainingthesearch space A coniccurveis thepara-
catadioptricimage of a line if, andonly if, theimage of the
circular pointslie on the curveand two certain pointsare
conjugatewith respecto the conic. Consideringthe space
of all coniccurvestheline imageslie in a linear subspace
which dependson the systemcalibration. The paracata-
dioptric projectionof a line canestimatedy fitting a conic
in the subspacédo the datapoints. The proposedapproach
is computationallyefiicientsincethefitting problemcanbe
solvedby an eigensystem

1 Introduction

Theapproactof combiningmirrorswith corventionalcam-
erasto enhancesensoffield of view is referredto ascata-
dioptric imageformation. The useof catadioptricsystems
to achiese panoramiovisionis simpleandfastenablingthe
captureof dynamicscenes. The entire classof catadiop-
tric configurationsverifying the fixed viewpoint constraint
isderivedin [1]. Panoramiccentralcatadioptricsystemsan
bebuilt by combiningan hyperbolicmirror with a perspec-
tive cameraand, a parabolicmirror with an orthographic
camera(paracatadioptricensor). The constructionof the
formerrequiresa carefulalignmentbetweerthe mirror and
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theimagingdevice. The cameraprojectioncentermustpo-

sitionedin the outerfocusof the hyperbolicreflective sur

face.The paracatadioptricameras easierto constructoe-
ing broadlyusedin applicationsrequiringomnidirectional
vision.

The paracatadioptri¢mage formation can be modeled
by a stereographiprojectionfrom aspheregcenteredn the
effective viewpoint, into a plane[2]. The planeandthe fi-
nal catadioptridmagearerelatedby a collineationdepend-
ing on the mirror parametersnd cameraintrinsic matrix.
For the particularcaseof a parabolicsystenthis projective
transformationis always affine. The systemis calibrated
wheneerthe collineationis known. The calibrationcanbe
performedusingtheimageof threeor morelinesin general
positionin theworld asexplainedin [3]. The paracatadiop-
tric sensomapsaline in theworld into aconiccurvein the
imageplane[2]. In generalonly a small arc of the conic
locusis visible in theimageand conventionalconic fitting
techniquesreunableto correctlyestimatehe curve [6].

The presenpapermproposes conicfitting algorithmthat
copeswith the occlusionproblemandaccuratelyestimates
paracatadioptritine images. The approachs specificfor
line projectionin a parabolicsystemand assumeshat the
sensoris calibrated. If is is true thatary line mapsinto a
conic,it is nottruethatary conicis theimageof aline. We
prove thata conic curve is the paracatadioptricmageof a
line if, andonly if, the imageof the circular pointslie on
the curve andtwo certainpointsareconjugatewith respect
to the conic. The paracatadioptricameramapslinesin the
scendnto coniccurveswhich belongto alinearsubspacen
thespaceof all conics.By constraininghesearchspacehe
line imagecanbe accuratelydetermined.The correspond-
ing locusis estimatedby fitting a conicin the subspacéo
the datapoints. The approachs computationallyefficient
sincethefitting problemcanbe solved by an eigensystem.
Theproposealgorithmcanbeusefulfor mary applications
suchas3D reconstructiorandvisual control of motionus-
ing paracatadioptrianages.
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Figurel: Modelfor paracatadioptricmageformation

2 TheParacatadioptric Camera

This sectionreviews the imageformation modelfor para-
catadioptricsystemg2] andintroducesthe necessarand
sufficient conditionsfor a conic curve beingthe paracat-
dioptricimageof aline.

2.1 TheMapping M odel

Assumea paracatadioptricystemcombininga parabolic
mirror with latusrectum4p, and an orthographiccamera.
The principal axis of the cameramustbe alignedwith the
symmetryaxis of the paraboloid.The paracatadioptripro-
jectioncanbe modeledby a stereographigrojectionfrom
anunitary sphere centeredn the effective viewpoint, into
aplaneZ asshovnin Fig. 1.

Theworld pointshavn in Fig. 1 is imagedat point% in
the paracatadioptriemageplane. The mappingcanbe de-
scribedasfollows. To eachvisible scenepoint corresponds
an orientedprojectve ray x = (z,y,2)*, joining the 3D
pointwith the projectioncenterO. Theprojectiverayinter
sectsthe unit spherein a singlepoint P. Considera point
O, with coordinateg0, 0, —1)¢, which lies in the unitary
sphere. To eachx correspondsn orientedprojective ray
X joining O with theintersectiorpoint P. The non-linear
mappingF (equationl) correspond$o projectingthescene
in the unity spheresurfaceandthenre-projectinghe points
on the sphereinto a plane= from a novel projectioncen-
ter O.. Pointsin catadioptricimageplanex are obtained
afteracollineationH,. of 2D projective pointsx. Equation
2 shaws that H. dependson the intrinsic parameter&K.
of the orthographiccameraandon the latusrectumof the

parabolicmirror.

F(x) = (z,y,2 + Va* + y* + %) (1)
2p 0 0
x=K.| 0 2 0 |x (2
0 0 1
H.

Considettheplanell = (n,0)? goingthroughthe effec-
tive viewpoint O asdepictedin Fig. 1 (n = (ng, ny,n.)?).
The paracatadioptriémageof ary line lying on II is the
conic curve 2. The line in the sceneis projectedinto a
greatcircle in the spheresurface. This greatcircle is the
curve of intersectionof planeIl, containingboth the line
andthe projectioncenterQ, andthe unit sphere.The pro-
jectiveraysx, joining O, to pointsin thegreatcircle, form
acentralconesurface.Thecentralcone with vertexin O,
projectsinto the conicQ in planeZ (equatior3). Sincethe
imageplaneand= arerelatedby collineationH., theresult
of equation4 comesin a straightforvard manner Notice
thatconicQ is degeneratedvhenevern, = 0. If theline is
co-planamith theprincipalaxisof the orthographiccamera
thenthecorrespondingaracatadioptriimageis alsoaline.

—nf 0 Ny,
Q= 0 —n? nyn, 3)
nany nyn, n’
a b d
Q=|b ¢ e | =H.,'QH.* (4)
d e f

2.2 Thelmageof aLine

Considerthe schemeof Fig. 1 for the mappingof a line
by a paracatadioptrisensor Planell, containingboththe
line andthe effective viewpoint O, intersectghe spherein
a greatcircle. The mappingfrom the sphereto planeE
is a stereographiprojection. The stereographiprojection
mapsary circle in the spherento a circle in the plane[7].
Thusthe greatcircle is projectedinto Q which is circle as
canbe verified by inspectingequation3. Pointsin plane=
aremappednto pointsin theimageby a collineationH..
Noticethatfor theparabolicsituationH_. is alwaysanaffine
transformatior(equation2). Sinceanaffine transformation
doesnot changehetype of conic,thenthe paracatadioptric
imageof aline 2 is alwaysa circle/ellipse(equatiord).
Considerthe following points lying on planeZ: I =
(1,4,0), J = (1,-4,0), G = (1,0,—i)t andH =
(1,0,4)%. PointsI andJ arethecircularpointsof theplane.
It is well known thatary circle mustgo throughthe circu-
lar points. SinceQ is always a circle, thenit is true that
I'QI = 0 andJ*©2J = 0. Moreoverfrom equation3 arises



that G!QH = 0. PointsG andH are conjugatewith re-
spectto the conic curve Q. Assumethat coIIineatioan
mapspointsI, J, G andH into pointsi, J, G andH.

Proposition: A conic curve is the paracatadioptricim-
ageofa I|ne in the scendf, andonlyif, it contamspomtsI
andJ @'Q1 = 0, 31QJ = 0), andpointsG, H are conju-
gatewith respecto Q (G'QH = 0).

Proof: Thecircle Q mustgo throughthe circular points
I, J. SincecollineationH, preseresincidence thenboth
pointsI, J lie on the parabolicline image2. Moreover
the projective transformatioralsopreseresthe cross-ratio
andpole/polarrelations. SmcepomtsG H areconjugate
with respectto €, then G, H are also conjugatewith re-
spectto 2. Thus,if 2 is aparacatadioptriine image then
it mustverify I'QI = 0, 3*QJ = 0 and G!QH = 0.
The derived conditionsare necessaryneverthelesst is not
clearthat they are sufficient. By sufficient we meanthat
if aconiccurvein the paracatadioptriamageplaneverifies
these3 constraintsthenit is thelocuswhereacertainlinein
the scends projected.Noticethat, neglectingthe scalefac-
tor, the conic curve  providedby equation3 is a function
of 2 independenparametersThese2 degreesof freedom
(DOF) are associatedvith the poseof planeIl containing
theoriginal line andthe effective viewpoint (Fig. 1). Since
in generala conic curve hasb5 DOF thenwe mustbe able
to find 3, andno morethan3, independentonstraintsThis
provesthesufliciengy of the statement.

3 Fitting a Conic Curve to Image
Points

Assumethe paracatadioptrigmageof aline in space.The
line is projectedn aconiccurve Q2 (equatiord). Theconic
curve Q2 canbe parameterizely a pointe in P? [7]

&) = (a7 b7 C7 d7 67 f)t (5)

Considerthe setof imagepoints%; = (&;,4;)" with
j=1,2... M. If thepointslie on conic& thentheequality
of equation6 mustbe verified. However equation6 holds
only in ideal circumstances!n generalthe datapoints x;
arecorruptedwith noiseand A& # 0.
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A conicfitting algorithmdetermineghe curve that best
fits the dataaccordinglyto a certaindistancemetric. There

areseveral approacheso estimatea conic curve usingim-
agepoints[6]. They differ betweeneachotherby thecrite-
ria, or metric,thatis minimizedin thefitting process.This
sectionreviews somewell known conicfitting methodsand
comparesheir performance.

3.1 Conic Fitting Methods

Wefocusexclusively ondirectmethodgor whichthefitting
problemcanbe solvednaturallyby aneigensystem

3.11 Linear Least Squares(LMS)

Considerthe M x 6 designmatrix A providedin equation
6. The LMS methodestimateghe conic curve & thatmin-
imizesthe algebraicdistanced = &*A? A& underthe con-
straint?t® = 1. Theobjectivefunctionis providedin equa-
tion 7 wherethe constraintis introducedusinga Lagrange
multiplier A

Gims (@, A) = QPATAD + A\(@P@ — 1) 7)

Theconiccurve @ thatminimizesg;,, is determinedy
solving the eigensystemAt Ao = A®. The minimizeris
theeigervectorcorrespondingo the smallesteigervalueof
matrix A*A.

3.1.2 Approximate Mean Squares (AMS)

The approximate mean square metric has been intro-
duced by Taubin in [5]. The proposedconic fitting
method minimizes the algebraicdistanceunder the con-
straint! (Ax"Ax + Ay Ay )& = 1 whereA, andA, are
the partial derivativesof A. The correspondingbjective
functionis

A = DPATAG + AN (A A+ AYAY)D - 1)
(8
The minima of equation8 can be determinedanalyt-
ically by solving the generalizedeigensystemAtAL =
MAX Ay + Ay"Ay)G. The conic curve estimationis
provided by the eigervectorcorrespondingo the smallest
eigervalue.

(bams ((‘Dﬂ

3.1.3 Direct Least Square Fitting of Ellipses (FF)

Sincethe conic Q is a circle andthe transformatiorH,, is
affine (equations2 and 3), thenthe paracatadioptriemage
of aline mustbea circle/ellipse.The estimatiormethod
proposedn [4] is ellipse specific. Considerthe following
6 x 6 matrix
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If a conic® verifies®*C& = 1 thenit mustbe a cir-
cle/ellipse. The conicfitting methodproposedn [4] esti-
matesthe curve by minimizing thealgebraiadistanceo the
datapointsunderthe constraintu!C& = 1. Theresultant
objectivefunctionis providedbelow wheretheconstraints
introducedusinga Lagrangemultiplier

dpr(@,N) = D' ALAG + M&'Co — 1) 9)

It canbe provedthatthe conic& which minimizesgy ¢
andverifiesthe constraints the eigervectorcorresponding
to the single positive eigervalue of the generalizeceigen-
systemAt Ao = AC® [4].

3.2 Performance Evaluation

An arc of a testconic with pre-definedamplitudeis uni-
formly sampledby 100 points. Two dimensionalgaussian
noisewith zeromeanandstandardieviation ¢ is addedto
eachsample Thesesamplesarethe datapointsusedby the
differentestimators.The principal points of the estimated
curve arecomparedvith the groundtruth andthe meaner-
ror is computedover 100 runsof eachexperiment.
Considerthe resultsdepictedin Fig. 2. The graphicat
thetop shavs therobustnesgo noiseof the differentmeth-
ods. In this situationthereis no occlusionand the entire
conicis sampledAll thealgorithmsexhibit asimilargrace-
ful degradationin the presenceof increasingnoise. The
FF methodis the onethat seemsto be morerobust. The
graphicatthebottomshows the behavior in the presencef
occlusion. The noisestandarddeviationis 2 pixelsandthe
amplitudeof the sampledarc decreasefrom 360° (the en-
tire conic)upto 60° (occlusionof 300°). In all methodghe
estimatiorresultsuffersanabruptdegradationvhentheoc-
clusionis higherthan220°. Neverthelesshe AMS method
seemdo betheonethatbetterdealswith occlusion.

4 Direct Least Square Fitting of
Paracatadioptric Line Images
(CATPARB)

In generala conic has5 degreesof freedomand can be
parametrizedy a point in P5. Neglectingthe scalefac-
tor the spaceof all conicshasfive dimensions. The ap-
proacheslescribedn theprevioussectionsearchthe entire
spacefor the conic thatbestfits the data. However not all

conicsganbethe paracgtadioptriimageof aline. Consider
pOintSI = (izaiyaiz)tr J= (jw:jy:jz)t’ G= (g:ugy;gz)t

andH = (h,, hy, h,)! introducedin section2.2. As dis-

cussed coniccurve @ is the paracatadioptriprojectionof

aline if, andonly if, Y& is null with Y the3 x 6 matrix
providedin equationl0.

Ja 22y Jy
9ohz 9z 9y + hmhy gyhy
Vi %iyis 2 (10)
255> 2jyJ- .72 ©w=0
R 929z + hzh; 9y9: + hyhz gzh.
Y

The paracatadioptridine image& mustlie in the null
spaceof matrix Y. Thenull spaceof Y is alinearsubspace
in the spaceof all conic curves. Our approactits the data
by the conic curve, lying in this subspacethat minimizes



thealgebraidistancdo theimagepoints. Consideithesin-
gularvaluedecompositiorof matrix Y.

T =USV!

MatricesU, S andV haverespectiely dimensiorn3 x 3,
3x6and6x6. V isfull rankandorthonorma(V—! = V?).
The threelast columnsof V are an orthonormalbasisof
the null spaceof Y. Considerthe changeon the baseof
representatios, = V&. If & belongsto the null space
of matrix Y, thenthe correspondingo, hasthe following
structure

Oy = (0,0,0,dv,ev, fv)t
—

p

(11)

The algebraicdistancebetweenconic @ and the data
pointsis d = &*A*A®. Rewriting the algebraicdistance
in termsof thenew coordinatesrisesd = & VA!AViQ,.
Takinginto accounthestructureof &, (equatiorill) comes
thatd = p At Ap with A thebottomright 3 x 3 submatrixof
VA!AV!. We aim to determinethe solutionp which mini-
mizesthealgebraiaistancel undertheconstraintp!p = 1.
Theobjective functionis

¢(p, ) = p'A'Ap + A(p'p — 1)

Theminimaof theobjectivefunction¢ is theeigervector
of matrix A!A correspondingo the smallesteigervalue.
Thefinal conicd is computedy replacingp in equationl1
andmaking® = V*id,.

(12)

5 Experiments

Accordinglyto theresultspresentedn section3.2, the FF
algorithmhasthe bestperformanceén the presenc®f noise
andthe AMS methodis the mostrobustto occlusion. The
presentsectioncompareghesetwo methodswith the pro-
posedCATPARB algorithm.Notice howeverthat,while the
FF and AMS conic fitting methodsare generic,the CAT-
PARB algorithm is specificto estimatethe conic curves
wherelinesin the sceneare mappedby a paracatadioptric
cameraWe startby describingthe simulationschemeaused
to generateartificial data. The performanceof the AMS,
FF and CATPARB methodsin estimatingparacatadioptric
line imagesis compared. Experimentsusing real images
arealsopresented

5.1 Simulation Scheme

Assumea paracatadioptricsystemwith a field of view
(FOV) of 180°. Theparacatadioptrianageof aline is gen-
eratedasfollows. As depictedn Fig. 1to aline in thescene

s

N=20 * éQAS
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o0 =5 (pixel)

* %

&=1
a=11;s =30;f=240
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Figure3: Estimatingparacatadioptritine imageusingdif-
ferentmethods

corresponds planeIl with normaln. The normalis uni-
tary andrandomlychosenfrom an uniform distribution in
the sphere.Eachnormaldefinesa planethatintersectghe
unit spherén agreatcircle. Noticethathalf of thegreatcir-
cleis within thecamerdield of view (the FOV is 180°). An
angle , lessor equalto the FOV, is choserto betheampli-
tudeof thearcthatis actuallyvisible in the paracatadioptric
image.Thearcis randomlyanduniformly positionedalong
the part of the greatcircle which is within the FOV. The
visible arc is uniformly sampledby a fixed number  of
samplepoints. The eachsamplepoint corresponds pro-
jectiveray x. Thesampleraysareprojectedusingequation
1 andtransformedising2 with the chosenintrinsic param-
eters.Two dimensionabaussiamoisewith zeromeanand
standarddeviation ¢ is addedto eachimagepoint X. Fig.
3 is an exampleof a simulatedimageof a randomlygen-
eratedparacatadioptritine image. The visible arc hasan
amplitudeof 25° andis sampledby 20 points. The gaus-
siannoiseaddedto the samplesasa standardieviation of
5 pixels. As afinal remarknoticethatthe amplitudeof the
visible arc is measuredn the greatcircle where planeIT
intersectghe sphere andnot in the conic curve wherethe
line is projected. In generalthe visible angleof the para-
catadioptridine imageis muchlessthan .

5.2 Comparing AMS, FF and CATPARB
Methods

Considerthe first graphicon Fig. 4 which compareshe

performanceof the threemethods.The datapointsarear

tificially generatedisingthe simulationschemedescribed
above. An arcwith anamplitude80° is uniformly sampled
by 40 points. Eachmethodfits a conic curve to the data
points. The estimatedconic is comparedwith the ground
truthandthe RMS errorin the principal pointsis computed
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Figure4: Estimationof paracatdioptridine images. Top:

The performanceof AMS, FF and CATPARB methods
( =40, = 80°).Bottom: Theperformancef the CAT-

PARB algorithm.

over 100 runs of eachexperiment. The estimationresults
dramaticallyimprove whenusingthe CATPARB algorithm.
The graphicat the bottomof Fig. 4 shavs the behavior of

the proposedapproachin the presencef increasingnoise
for differentvaluesof and . As expectedthe perfor

manceis worsewhenthenumberof samplesand/ortheam-
plitudeof thevisible arcdecrease.

5.3 Experimentswith Real Images

Fig. 5 shaws a calibratedparacatadioptricmagewith res-
olution1 04 x 22 2. Theconiccurve wherealine is pro-
jectedhasonly 2 independentlegreesof freedom(proposi-
tion in section2.2). Thustwo imagepointsare enoughto
correctlydeterminea paracatadioptritine image.We have
selectedy handtwo pointslying ontheconiclocuswherea
certainline in thescends projected.The estimatiornresults
usingthe proposedCATPARB algorithm can be obsened
in Fig. 5. Noticethatin generala conic curve canonly be
estimatedusing5 or moredatapoints.

Figure5: Estimatinglinesin arealimage. The crossesre
thepointsselectedy hand

6 Summary and Conclusions

The article presentsa specificmethodto estimatelinesin

calibratedparacatadioptriimages.The algorithmusesthe
propertiesof parabolicimage formation to constrainthe
searchspace. The performaceof the proposedapproach
is comparedwith othergenericconicfitting methodsusing
bothsimulateddataandrealimages.
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