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Abstract. Many legislative games of interest defy classical assumptions
and techniques; they tend to be open-ended, with weakly de ned ob-
jectives, and either non-competitiv e or pseudo-competitiv e. We intro-
duce a conceptual and mathematical framework for grappling with such
systems. Simulation results are presented for basic speci cations of the
framework that exhibit a number of qualitativ e phenomena overlapping
with real-world dynamics acrossa broad spectrum of settings, including
aspects of nancial regulation and academic decision procedures, that
as we demonstrate, may be viewed through the lens of our framework.
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1. Intro duction and Overview

It is customary for mathematical economicsand political econony to assumethat
self-interested social agerts can be e ectiv ely incentivized in the presenceof the
right economic cortrols. Almost ewery institution seeksto achieve its goals by
publishing criteria for rewarding and penalizing the behavior of agens. In this
way, legislators seeka meritocratic society that provides more room for free choice
than an authoritarian scciety.

There are many problems with the assumption of e ectiv e incertivization.
For one thing, agerts may place value on unanticipated substartive dimensions,
unforseenby the legislators. Worse, agerts are known to attach value to procedu-
ral, process,and contextual componerts of their experience,suc as the valuing
of individualit y, the disvaluing of conformity or compliance, the medanization
of their behavior, or the fairness of the outcomes, whether the outcomesresult
mainly from individual contribution to collective action or not. In many cases,
the non-ideal incertiv e drivesthe behavior of the systemmore than the non-ideal
behavior of the agerts, or the non-ideal responsivenessof the process.

A couple of issuesare appropriate for investigation through agert modeling
and computational simulation of the resultant society. Here, we are concerned
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with the legislator's problem of abridgement which results from the legislator's in-
ability to publish incentiv esthat are preciselyin line with the scocial objectives.In

jurisprudence there is a tradition of assumingthat the rules are imperfect mainly
for linguistic reasons,the legislature's inabilit y to expressexplicitly and precisely
the behavior that is desired. There are also pragmatic reasonswhy abridgemert
occurs: the processof producing cortrols has many imperfections, such as a limit

of agreemem amongcon icting legislative views, a limit to revision, a limit to the
practicable complexity of rules, and a limit to the legislators' understanding of
the agerts it seeksto incertivize.

Most importantly, we consider the race conditions that occur when the leg-
islature has bounds on how quickly it can reviseits edicts, and the agerts have
bounds on how quickly they can revisetheir positions.

All of theseissuesare within the purview of the proposedmodel. In addition,
in a nod to Herbert Simon, agerts are restricted in their knowledgeof admissible
strategies,both in terms of their legality and their potential asa revisedposition.

The aim of this paper is to producea simple and exible mathematical model
that captures someof the interesting phenomenawe claim to obsene in practice.
In this way, we seeka better understanding of the processof cortrolling agerts
through the revision of non-ideal incentiv es.

2. Related Work

Broadly speaking this paper is founded on the use of multi-agent system models
within computational social science,as advocated/demonstrated in [7,9,5]. There
is also prior work focusingin particular on incertivizing agerts; e.g., with respect
to violation of norms (cf. [4,3]), and speci ¢ scenariossuch asrent control [2] and
water demand [11]. More generally, our work is basedon fundamertal concepts
of bounded rationalit y [13], legal positivism [10], and the study of incertiv es for
individual advancemen [14].

3. Veridical Utilit y and Public Incentive

Consider a legislature incertivizing a population of agerts toward some goals.
Real goals are complex and may be implicit; they must be approximated via a
legislative abridgement A. The global utilit y function or truth (V), embodying
the actual goals, is over some very high dimensional spacewhere agerts live.!
Over time, agerts move through this spaceby changingtheir positions. A position
correspondsto a strategy, action, or mode of behavior in the given domain (e.g.,
a particular kind of stock sale, managerial style, researt focus, etc.).

Assume a veridical utilit y function mapping from R" to R; the legislative
abridgemert used for public incentive, as a function of agert position x 2 R",
might be

1Throughout this paper, we assumethat V may be additiv ely summed over agents; this need
not be the case, but is often a useful simpli cation.
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A(x%) = V(xA); A2 R"™; rank(A) = k n: (1)

Here, A downsamplesV by projecting n-dimensional points onto a k-dimensional
hyperplane passingthrough the n-dimensional space.In contrast to V, A is as-
sumedto be publicly available, explicit, and relatively inexpensive to compute.
The social counterparts of veridical and abridged utilities are simply the sum-
mations over the ertire population; we will assumea population of N agerts,

with positions x1;%,;:::; %N . Agents are not omnisciernt. Each agert has a set of
known positions, ; R", to choosefrom. Furthermore, many positions are leg-
islatively inadmissible, represerted by a set of banned positions, R", which

is determined by the legislature.

4. Change

At discrete time steps, all agerts may update their positions. Similarly, the leg-
islature may update A and . This may be denoted by subscripting them with
a time-step (e.g., A; and x;; specify the legislative abridgemert and ith agert's
position at time t, respectively). The spacesover which these are de ned are
assumedto be static, however.

If A perfectly mirrors V, the legislature has no needfor rule revision. When
this is not the case,inaccuraciesin the abridgemert can lead to legislative mis-
direction. That is, agerts end up in the wrong regions of the space(from a V-
maximizing perspective), and the public incerntives must be revisedto compen-
sate.

4.1. Bounds
There are often temporal constraints on the rates of legislative changeand growth
over time. Legislation is - -bounded if
8t 0 JAU A ] 8t O j t; ] )
8t 0;jAt1] A4 8t 0] taa] Jd
wherej; j and j | are normalized metrics of distance and size (or complexity),

respectively, over R" I R on the left, and 2R" on the right.
Constraints on an agert's change(in position) and growth (in the setof known

positions) are analogous.The ith agert (1 i N)is - -boundedif
8t 0 jxix;%it+1] 8t O j it: it+1] 3)
8t O;jxit+1] J%it] 8t 0 it+r] I il

with normalized metrics j ; j andj j over R" (left) and 2R" (right). A population
of agerts may be saidto be - -boundedif all of its member are.?

2Note that if an agert's position is extinguished (i.e., added to ) - -bounds may need to
be violated to move to a new position. Similarly , if i+ \ = ;, an agent may be unable to
eld any position.
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5. Dynamics

In this section, we will outline in more detail various agert and legislative strate-
gieswhich can give rise to the emergen dynamics we are interested in studying.

5.1. The character of simple agents

In the simplest case,all agerts are interchangeable,but begin play with dierent
initial positions. The set of known positions may simply be a spherical neigh-
borhood of the player's position de ned by a constart radius (d). More powerful
agerts might be specied by increasingd. At any given time-step, agerts sim-
ply pick whichever known position maximizes the legislative abridgemert (i.e.,
hill-clim bing). Putting it all together, we have

81 i N; %i:0= G
0= fx2 R" J*, Xi;Oj dg (4)
8l i N;t>0; Xit = argmax,, . ,Ac(x)

fx2R":pg %t 1) dg;

iit

wherec;, the initial agert locations, are drawn from someprior distribution. Suc
agert behavior is clearly - -bounded,with = d; = 0, using straightforward
metrics (in this context, behavioral complexity is assumedto be constart). This
protocol for agert behavior (or, agentstrategy) will be refereedto asgreedysg .2

However, many of the e ects we are interested in studying will only emerge
from a substrate containing inter-agert e ects. The simplest of theseis imitation .
Let %, be the averageof all agert positions at time t. We may de ne a new agert
strategy, imitate a4, asmoving distanced from one'sprevious position toward ;.
This behavior is alsoclearly - -bounded( = d; = 0). We may also of course
consider composite agerts that weight greedinessversusimitation, or alternate
betweengreedy and imitativ e steps.

5.2. Simple agentswith idealized public incentive

Before proceedingto more complexagerts and dynamic legislation, let us demon-
strate a few basic e ects with the simple agerts described above and idealized
public incertive (hence a static legislature). Here we will have an unchanging
V = A, reducing the model to a swarm of optimizers with a xed utilit y function.
Consider n = 2 and the extremely simple one-peak function A(s) = j x; (0; 0)j,
wherej ; j is normalized Euclidean distance?

3As a technical note, agerts here are exploring what might be called the V-neighborhood of
their positions, rather than the A-neighborhood. To clarify, A will typically map agent position
to a subspace (i.e., reducing the intrinsic dimensionalit y of the space from n to k). However,
this doesnot circumscrib e agent explorations; they seard through the full n-dimensional space,
albeit in a very incremental and limited fashion.

41t is important to note that we are not interested in function optimization per se; rather,
these examples are used to illustrate the emergence of interesting dynamics in our model that
mirror some real-world phenomena.
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Figure 1. Trajectories for three populations of agerts over time: greedy, imitativ e, and a combi-

nation of the two. The global optim um is the lower-left corner, (0;0). Initial agert positions are

the same for all populations, and indicated by small dots. Final agerts positions are denoted by
es.

The initial player positions are uniformly randomly sampledfrom [0; 1] [O; 1].
Position selectionis implemented by sampling from the current position, along
with 100uniformly spacedpoints on a circle with radius d = 0:01 certered at the
current position. Simulations are run for 100 time-steps, with 20 agerts.

Results are shown for three di erent agent populations. The rst (upper-left)
consistsertirely of greedy agerts that corverge quickly to the global optimum.
The second(upper-right) consistsof imitativ e agerts that fail to reac the global
optimum. Since none of the agerts are novelty-seelers, the global utilit y will
remain roughly constart (see lower-right). The third case (lower-left) consists
primarily of imitativ e agerts, combined with a small number (4) of greedyagerts
that act as bellwethers for the population as a whole. Since these agerts are
imitated, but do not imitate, they will have a disproportionate e ect on the nal
outcome of the simulation.

5.3. The character of simple legislatures
In the simplest case, the legislature is merely reactive, modifying A (used to

compute A as described above) and in responseto trends in agert movemernt
through the space.The set of inadmissible positions may be implemented as an
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initially empty queuethat is slowly lled with agert positions which are undesir-
able from the legislature's perspective as a V-maximizer. If the legislature is un-
able to compute this directly, it may be approximated via a badkground function
(described below). Similarly, A may be adjusted (e.g., in terms of which dimen-
sionsare supported) to maximize the expected gain in V with respect to current
agert positions.

This legislature will be - -bounded,with = 0. The exactly value of  will
depend on the particular updating rule and distance metric used. For example, if
at most m dimensionsare modi ed, and the distance betweenlegislations is the
number of dimensionsby which they dier, we will get = m.

5.4. Simple agentswith circumscribed public incentive

This sectionwill explore simulations where public incentiv eis circumscribed, lead-
ing to an abridgemert that changesover time. Again we will considern = 2,
but this time with k = 1. The legislator is limited to mapping the agerts' po-
sitions onto a line. The function to be optimized here is again quite simple,

(1 x)2 (1 y)?, which hasa global optimum at (1;1). Initial agert positions
are uniformly drawn from [0; 10] [O; 10].

At ead legislative update, a new A may be computed ( is not used here).
That is, the legislature must choosea line to project the agert positions onto.
Ideally, each agert would be mapped onto a line passingthrough its own position
and the global optimum. Sincethe legislation must be identical for all agerts how-
ever, this is generally not possible.Instead, a line passingthrough the optimum
and the averageof all agert positions, x;, is used.

What dynamicswill ariseif all of the agerts follow the greedy,q strategy? It
depends on how often legislative updates (i.e., rule revisions), occur. The gure
below shovsaverageV and A valuesover 100time stepsfor four regimes;dominant
legislature (updates at every time step), parity (updates every other time step),
dominant agerts (updates every ten time steps), and no legislative updates,.

What is going on here?Let's rst considerthe casewhere there are no leg-
islative updates (lower-right). To begin with, agerts are directed toward the op-
timum, and both V and A rise. Quickly however the legislation becomesout of
date, and while A remainsroughly constart, it no longer mirrors veridical utilit y,
which falls dramatically asagerts move further and further away from the high-V
regionsof the space.

Next, considera dominant legislature (upper-left). Both A and V rise precipi-
tously, asexpected. But why is the global optimum (0) never reached? The prob-
lem is that we are dealingwith many agerts, and there is no mecanism for insti-
tuting personalizedlegislation. That is, the simulation reachesa local optimum
where it is simply not possiblefor the legislature to nudge any agerts closerto
the global optimum without nudging other agerts correspondingly further away.

Finally, somewords on the most dramatic scenarios,dominant agerts (lower-
left) and parity (upper-right). In the former, legislature has somepower to mit-
igate disastrous crashesof V, but only at the cost of intro ducing similar chaotic
uctuations in A, asinfrequent but massiwe legislation wracks the tness land-
scape. The latter still experiencesperiodic crashesof V as the legislature falls
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Figure 2. Veridical and abridged utilit y over 100 time steps for four legislativ e con gurations.

temporarily behind, but at the sametime, reachesthe highest levels of V more
often than any of the other scenariosshown.

5.5. Agent behavior in complexdomains

The agert behavioral schema outlined above neglected the issue of strategy
complexity by assuming that all strategies were of equal complexity. To un-
derstand how this may not be the case,consider a spaceR" with very large
n, where the starting positions of agerts are zero along the vast majority of
the dimensions. Non-zero dimensions are said to supprt a particular strategy;
support(s) = f1 i k: x%[i] > Og, where x[i] denotesthe ith componert of strat-
egy *. We may now de ne the complexity of a given position, jsj, asjsupport(s)j.

Now, assumea - -bounded population; movemert along known dimensions
and discovery along new (previously unsupported) dimensionsmay both be lim-
ited, to di ering extents. This leadsto a familiar dichotomy of exploration (seek-
ing new dimensionsworth optimizing on) versusexploitation (optimizing along
currently supported dimensions).

5.6. Legislative behavior in complex domains
Legislation operating in a complex domain may induce diverseand nuancedcon-

straints. For example,an agert may discover a previously unknown strategy (po-
sition) along a new dimension which spreadsto other agens via imitation and
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plays havoc with V (possibly leading to a crash). The legislature may retaliate via
modifying A and/or extending (leading to strategy extinction), but is limited
hereby - -bounds.

5.7. Backgmound functions

To improve the model, considera backgiound function (B), providing additional
insights into V, which is not determined by the legislature. Agents that inte-
grate this badkground knowledgeinto their choice of strategiesmay have a better
chanceof improving V. Furthermore, such agerts might be able to avoid strategy
extinction, as a region of the spacewith high A and low B would be a prime
target for future legislative action.

Background knowledge can also play an important role in overcoming local
optima and/or deceptive regions of the seard spacewith respect to A. It may
alternativ ely be seenas injecting new strategiesinto play. In a population where
someagerts are imitativ e, theseinnovations can then spreadto others.

With respect to somebackground knowledgeB, one might taxonomize agers
into four classesas follows:

positive-novel agerts try to maximize B, without regard for A.
nonpositive-novel agens try to maximize B, while avoiding decreasingA.
positive-compliart agerts try to maximize A, while avoiding decreasingB.
nonpositive-compliart agerts try to maximize A, without regard for B.

According to this taxonomy, greedy, agerts, for example,would be classi ed
as nonpositive-compliant.

6. Scenarios

At this point, we are equipped to briey describe some real-world scenariosin
terms of our framework. The rst two are concernedwith aspects nance, and
the third with academictenure decisions.

There is perhapsno better real-world example of the type of legislative games
we addressin this paper than the complex nancial marketsthat allocate capital
in the modern global econony. Beyond the aspects of our model exempli ed by
the simulation results given above, these scenariosexhibit great complexity in
terms the interactions by between regulator and regulated (strategy extinction
vs. strategy discovery).

The legislator's motivation for interveningin nancial marketsis unquestion-
able. Given populations' exposureto nance, and the tremendous power of the
nancial institutions that control the ow of capital, the nance industry is too
important to be left to its own devices.Every time there is a bank failure or an
investmen scandal,the resulting hysteria either givesmembers of the legislature
an opportunit y to push through a bill or forcesthem to in order to appeasetheir
frightened or angry constituents.

Thus the legislator bans certain strategies while encouragingothers. It uses
rule revision to incentivize such behavior as it expects to reduce vulnerabilit y,
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over-exposure, and over-borrowing, in order to promote long-term cautious in-
vestmert. The agerts respond with an impressive rate of strategy discovery. As
Pixley [12] writes, \the [nancial] sector has diced and packagedsccial relations
of debts and mortgages, of future promisesinto future securities, futures, and
derivativ esof futures, into reinsuring assurancef insurance.”

6.1. Sweep accounts

Commercial banks are required by law to hold a certain percertage of all funds
deposited in cheding accourts aside. This is known asa resene requiremert, and
is intended to decreasevolatilit y. The Federal Resene system is self-funded; it
accruesmore than enoughto meet its operating expensesfrom the interest on
the treasury bills that it purchaseswith banks' resenes.By law, all the money
that the Federal Resene earnsbut does not spend is transferred directly to the
Treasury. The incertiv e of the Congressto maintain the resere requiremert is
clear|without it, the banks would be free of that implicit tax and the money
would go to them instead of the Treasury. Contrariwise, banks (the agerts) have
a clear motivation to avoid maintaining unnecessarilylarge resenes.

The rst retail sweep program was initiated in 1994 by a North Carolina
bank. It could not have beenclear at the time how the bank's regulator, the Fed-
eral Resene, would respond. The Federal Resene neither sanctioned the North
Carolina bank nor banned what would becomeknown as retail sweep accourts.
Under retail sweepprograms, banks move forecastedexcessunds out of chedable
deposits into money market deposit accourts that have no resene requiremerts.

Some speculate that the Federal Resene is unable to make such an appeal
to Congressas would permit the repeal of the resene requiremert on chedable
deposits, but the Federal Resene has achieved the sameby simply choosing not
to exerciseits capacity for strategy extinction in this instance. Anderson and
Rasde [1] state that retail sweepprograms have led to an extraordinary unwind-
ing of statutory resene requiremerts in the US, reducing required resenesin
Decenber 1999by an estimated $34.1billion.

6.2. Short selling

Short selling is the sale of stock that one does not yet own; this is pro table if
the price of the stock later falls. In comparison with \long" selling, where one
makes a prot if the price of the stock later rises, selling short is particularly
open to manipulative and deceptive techniques. This can give rise to cycles of
loophole discovery and closure betweenbrokers (the agerts) and regulators (the
legislature) { cf. Finnerty [8].

Ideally, the legislature has the goal of eliminating manipulative behavior, in
this context the \in tentional interferencewith the free forces of supply and de-
mand" [8], leading to arti cially depressedshare prices. In lieu of this inaccessi-
ble V, various abridgemerts are used. Historically, the British parliament banned
short selling altogether between 1734 and 1860, while the U.S. Securities Ex-
change Commission's\uptic k rule" (1934) permits short selling only following an
uptick (trade where the price of a stock rises).
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6.3. Tenure

Unlike the nancial scenarioswe have explored above, tenure involvesa decision
procedure. Conceptually, agerts are cortinually being removed from the space(a
xed interval after their creation) and replaced with new agerts at \random"
initial positions. Tenure is presumedto be granted if an agert's A-value is above
a xed constart at termination.

The legislator wishesto make a decisionbasedon the long-term researt po-
tential and teaching ability of the assistart professor.Typical proxies are teach-
ing evaluations, letters solicited from other professorsin the eld, and a researt
dossiersubmitted by the candidate. It hasbeenargued, somewhatdubiously, that
\the minimum publication requiremert of the tenure corntract inducesthe optimal
level of researt with lessvariation in expectedincome, avoiding ine cien t behav-
ioral responsesto the greater riskinessof a contract rewarding only realized pub-
lications" [6]. However, it seemssomewhat unavoidable that abridgemerts suc
asthose basedon number of publications may causelegislative misdirection, e.g.,
to focus on extending existing ideas to maximize publication potential, rather
than incurring the cost and risk of breaking new ground, which is of coursemore
dicult to measure.

7. Conclusion

In this paper we have developed a simple conceptualand mathematical framework
for describing a legislature incentivizing a population of agerts toward complex
goals. We describe some qualitativ e phenomenaof interest exhibited in by the
implemenrtation of a simple version of the framework. The relationship to real-
world phenomenais also explored.

A taxonomy of agerts is given, separating agerts who optimize in a socially
productive way from those who optimize in a socially unproductive way (as seen
from the legislator's point of view). The results of simulation are given, in which
the rapidity of legislative revision and the rapidity of agerts' strategy revision are
in competition. The model is showvn to produce saocieties in which agerts behave
pathologically, as well as sccieties in which agerts can be e ectiv ely cortrolled,
exactly as one would hope from a simulation model with the right structural
relationships.
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