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1 Abstract

This paper attempts to provide a mathematical formulation of the legal theory
formation problem and a comparison to the scientific theory formation problem.
This is intended to be both an original contribution to Al and Law, and a pre-
sentation of the problem to the philosophy of science community. In conclusion,
some remarks are made about the shallowness of today’s models in machine
learning and knowledge discovery compared to the legitimate models in AI and
law and philosophy of science.
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3 Introduction

Legal theory formation is no more restricted to law than scientific theory for-
mation is restricted to science.

Scientific theory formation is a general kind of induction, which, as described
and formalized by philosophers of science in the second half of the 20th Cen-
tury, refers to a pattern of reasoning that may occur in everyday statistical
reasoning, empirical observation, diagnostic reasoning, and ontological or tax-
onomical reasoning, that is not restricted to scientific laboratories or grandly
unifying moments. Scientific theory formation refers to a deep pattern of ap-
praising generalizations in the face of empirical observation for the purposes of
adopting the right generalization (or generalizations) to summarize the data.
Induction (simpliciter) is ambiguous between mathematical induction, statisti-
cal reasoning about high probabilities, and theory-formation, the latter implying
considerations beyond probability, such as simplicity. The considerations may
include graded epistemological commitment to a generalization, the possibility
of background or entrenched theory that biases induction, the role of probability
in confirmation, the tradeoff between error and power, or between predictive-
ness and power, and the adherence to conventions such as causal explanation. It
may go so far as to describe paradigm shifts, and be foundational or coherentist
in its bias.

Today’s machine learning (ML), computational learning theory (CLT), datamin-
ing, and knowlege discovery (KDD) fields of artificial intelligence (AI) and com-
puter science, have developed largely in ignorance of the philosophical work on
scientific theory formation. Nevertheless, many of the main issues of scientific
theory formation have been rediscovered in ML and KDD.

Legal theory formation is also a general kind of induction. Like scientific
theory formation, it is thought to be an occasional mode of legal reasoning. Just
as normal science is supposed to be subsumption under generalizations, normal
law is supposed to be subsumption under generalizations, possibly requiring
defeasible rather than deductive reasoning after general law has been applied
to particular situation. In both cases, theory formation was supposed to occur
infrequently, though ironically, both scientific theory formation and legal theory
formation are now taken to be constantly operating in the rational scientific and
legal minds, respectively.

Logical texts prior to the rise of deductive logic in the early 20th Century
almost always included chapters on legal, ethical, or analogical reasoning. Iso-
lated legal scholars, and whole schools of logical thought, have attempted to
reduce legal reasoning to the logic of the day, most notably deontic modal logic.
The formalization of legal reasoning is today in the most fertile stage in its
history, with the activity in AI and Law and the restoration of the defeasible
conditional (a pearl that managed to appear among the sea floor deposits of
decaying non-monotonic logics).

Legal theory formation is as likely to occur in day-to-day reasoning during



the management of conflicting heuristics, the interpretation of discourse, the
interpretation of open-textured predicates that appear in explicit, linguistically-
specified rules, the interplay of principles and rules, and the formulation of co-
herent bureaucratic standards. Scientific theory formation is as likely to occur in
decision-theoretic reasoning about an agent’s preference, diagnostic and causal
evidential reasoning, and mathematical modeling of engineered systems (like
queues) that do not have a privileged nomological status (like objects on fric-
tionless surfaces). Legal theory formation is almost certainly not what lawyers
normally do, and may only be a rough parody of what judges, legislators, and
solicitors do. Scientific theory formation is almost certainly not what scientists
do. Nevertheless, these two patterns of reasoning cover the majority of inductive
rational behavior.

In what follows, we aim to say as mathematically precisely as possible what
these theory-formation problems are.

4 Scientific Theory Formation: Model I

A set of cases is a set, C, of circumstances paired with observations,
C={< Ci, 0; > | 1= ln}

Each circumstance, c;, is a vector in ®¥. Either all n observations, o; are real-
valued, in R, or all n are boolean, in {0,1}. The possibility of boolean-valued
circumstances is omitted here, for our convenience.

A theory is a function that is fit to the cases. A function, f, from a family,
F, is defined by parameters p € ™. Parameters are chosen to optimize the fit
to the cases. f is a mapping ®% — {0,1} or ®¥ — R, depending on the values
of 0;.

The error of f’s fit with C' is defined as a function of p, E(f,(C)), or E(p)
for short:

E(p) = Sic1..n(fp(ci) # 0i)

is just the number of disagreements between the value of the function and the
empirically observed value. This makes most sense for boolean observations.
For real-valued observations, a norm is often used, such as squared error:

E(p) = i1l fp(ei) — 04| -

The scientific theory formation problem is to find p* € ® to minimize the
error:

p* = argminpgeaE(p) .

For example, for k = 1, linear regression is a basic kind of curve-fitting, on
p = < m,b >, and this is a kind of theory-formation. A classic example here
may be the ideal fit of PV = nRT to measurements on gases. A more practical



example is the fit of a mean-risk decision rule to the observed decision behavior
of an agent, or perhaps a linear multiattribute utility function. Another example
is the training of feed-forward neural networks, where p is the weight matrix, C
is the training set, k is the number of nodes on the input layer, ¢;|; is the j-th
input node’s value on the i-th training datum, and o; is the output value for a
single output node for the i-th training datum.

The ML/KDD problem formulations of principal component analysis (PCA),
support vector machines (SVM), and the CLT probabilistically approximately
correct (PAC) derive from this model.

5 Scientific Theory Formation: Model II

A simplicity ordering on functional forms, <, permits one function, f to be
compared to another, g on grounds of simplicity. For f,,, where p; has m
dimensions or degrees of freedom, any g,, where p, has m — 1 dimensions will
be simpler, g < f. We might also require that F be related to G, such as the
relation between parabolas and lines, where any member of G can be expressed
as a member of F by fixing one parameter.

A background theory, B is a set of functions that presumably have been
fit to other sets of cases, for other circumstance/observation pairs, in other
dimensions. The coherence of B and f, may be defined as B - f,, which is not
often expressed mathematically, but which may contain penalties, for example,
whenever parameters fall outside anticipated ranges. More often, B contains
axioms that permit k' inferences, so that each ¢; € ®* becomes ¢, € RF+F
through deduction or simply “forward chaining.” For example, dimension 1
may be the measurement of an object’s brightness, and B may contain a rule for
deriving the difference between a reference object’s brightness and the observed
brightness, that difference constituting the implied circumstance in dimension
k+1. If it is supposed in the background theory that the observed brightness
must be greater than the reference object’s brightness, a reasonable auxiliary
hypothesis, then upon fitting a function to the derived C' = {< ¢},0; >}, one
might add to the error if there is a positive value in og41, Yet another way of
formulating coherence is to apply a penalty to f, if it is inconsistent with B. In
the notation of belief revision, B @ f, is the minimal contraction of B so that
the addition of f, is consistent. B© f;,, the minimal set of statements to remove
from B, can be measured.

In any of these cases, the measurement of fit and the simplicity/coherence
measures must somehow be combined. For example, is the simplicity ordering
respected unless there is no tolerable fit for any p within a family F? Or is there
a combination of measures (e.g., linear combination),

aB(f,(C)) —(1-a)B-f,

that is minimized simultaneously in the search for p*?



I know of only one author who attempts to answer this question formally.
Kyburg’s theory is that the augmentation B with f, does not require a contrac-
tion to make the union consistent. Instead, B' = BU {f,} defines an error rate
for each observational predicate. The cost of simplicity is a poor fit to empirical
observation. The cost of a poor fit is an increased error rate for observation and
prediction. The cost of these errors is the reduced epistemological commitment
(level of acceptance) that can be attributed to any observation or any prediction.
In our model, there is a single dimension that is predicted using any f, that is fit
to any C. The “top-level” error rate thus applies to any use of f, to predict the
observable given a new circumstance. The error also propagates to any of the
dimensions 1...k in the range of f. These dimensions may be used in the ob-
servations of other cases to which other functions are fit. The combined rate at
which a dimension participates in erroneous and error-free function fitting will
define the error rate for the dimension. Functions with many parameters will fit
more data without introducing much error. The cost of fitting many-parameter
functions is that they require more observations to determine parameters p,
and thus permit predictions in fewer observational situations. Moreover, since
there is a combination of errors when there are combined parameters, many-
parameter functions are inherently more noisy than few-parameter functions.
Compare y = (m £ 6;)x + (b£ ) and y = (ag + 82)2% + (ay £ 1)z + (ag £ ),
and it is clear that smaller §’s resulting from better fit with more parameters
can be offset by the combination of the &’s in the use of the parameters (of
course a large enough number of parameters might fit the cases with zero error,
but there are usually other sources of error from other cases that need functions
fit).

For example, we might say that all 3-2 pitches are fastballs, but this im-
plies a high rate of error for correctly observing curve balls, since B U {f,}
may contain both a raw observation that the last pitch was a curve ball and
a prediction, post-adoption of the generalization, that it must actually have
been a fastball, since it was a 3-2 pitch. Another way of saying it: the web
of belief can accomodate the bold generalization, but only at a reduced self-
confidence in the ability to distinguish fast balls from curve balls. Perhaps at
a level of acceptance associated with probability .9, observations of curve balls
and fastballs on 3-2 pitches can no longer be considered veridical. Alterna-
tively, we might say that all 3-2 pitches are fastballs unless the last time the
pitcher tried to throw a curveball for a strike, it was indeed a strike (this is
actually a reasonable baseball batter’s hypothesis because the pitcher who nor-
mally relies on a fastball in a crucial situation might instead have confidence
in the accuracy of the curveball). This theory fits with less error, but cannot
be used for prediction unless, on potentially many previous pitches, the obser-
vations of curveball/not-curveball and intentional-strike/not-intentional-strike
were made. (This example obviously uses boolean dimensions for ¢; instead of
the real-valued dimensions of our model.)

Let 6 € R* be the error rates for each observational dimension, 1...k. Cn



is a consequence-closure function on each o; € Re*, Cn(o;) = 0; £ 6. (To
Kyburg, this inference happens because the probability of a true value in the j-
th dimension, in the range o;|, +J|, given that it is observed to be o;|; is greater
than the acceptance level, 1 — a.) The problem is to find p* to maximize the
inferrable content of BU{ f,+ } UCn (1), where Q is the union of all observations.
This inference is probabilistic, and is essentially the same as Cn. Thus, find:

p* = argmazpeaCn(B U {fp} UCn(Q)) .

6 Legal Theory Formation: Model 1

The principal difference in legal theory formation is that a function fit to a set of
cases should disagree nowhere with the cases and their outcomes. It is possible
for legislators and judges to ignore a precedent, regarding it as an erroneous
or otherwise non-binding decision. But most often, in non-appellate situations,
an explicit distinction must be made to avoid a putative disagreement with
precedent. The opinion of the case must explain why it is not governed by a
rule that appears to counsel an opposite result. Anyway, we can assume that
a set of cases, C, is authoritative with respect to the problem of legal theory
formation; deviation from a perfect fit is not possible.

Again, a set of cases is a set, C, of circumstances paired with decisions,
C={<¢,d; > | i=1...n}. Eachcircumstance, ¢;, is a vector in three-valued
logic, {0,1,?}*. The third-value is used when a dimension is not reported or is
considered irrelevant. The possibility of real-valued circumstances and decisions
is omitted here, for our convenience. d; are boolean, in {0,1}.

The error of f’s fit with C is defined as a function of p, E(f,(C)), or E(p)
for short:

E(p) = Si=1..n(fp(ci) # di)

as above, the number of disagreements of f with the decisions.

The problem at first appears to be to minimize the simplicity of F subject
to the constraint that there exists a p that zeroes the error function. f € F is
some set of antecedent/consequent rules, perhaps in disjunctive normal form,
and < is some measure of the complexity of the set of rules.

minger(< (f)) st. p € @ : E(f,(C)) =0.

7 Legal Theory Formation: Model 11

The model above would not even be recognizable to Joseph Raz, who is the
first to this author’s knowledge to formulate the problem as rule-induction in a
propositional logical form (von Wright had a more mature framework in deontic
logic, but perhaps did not actually formulate a theory-formation problem).



It is important in law to extract a set of rules from a set of cases, so one
may think of a set of rules, R, of the cases, C. Furthermore, the rules may be
defeasible, so that a rule “a A b — ¢’ defeats a rule “a — —¢”.

A case may be rewritten in terms of the dimensions that receive a 0 or 1 value;
each such supporting dimension is known as a (propositional) factor; a 1 value
is an assertion of the factor; a 0 value is its negation. A set of defeasible rules
that fits the cases with no error is therefore the set that takes the antecedent of
each defeasible rule to be the factors of the case. Let ¢(c;) be the factors of the
case, ¢;.

No(ery — di

If there are directly conflicting cases, two cases with the same factors and op-
posite decisions, then there is no error-free fit of rules to cases.

Unfortunately, the set of rules of interest is usually less numerous than the
set just proposed, and one may also want to induce rules that are not in the
set. Kevin Ashley annotates each factor as inherently pro-d; or contra-d;. ¢+
and ¢~ are the pro- and contra- factors, respectively. The set of rules that can
be extracted from a set of cases is now extended to include any rule:

No+ ey NN\ p — di

for any D C ¢ (¢;). Le., any rule can be extracted that can be derived from
another extracted rule by dropping any number of contra-d; factors. This sep-
arability and monotonicity of factors presumes that two positive factors cannot
in combination act as a negative factor.

Jeff Norman and I describe, in a series of papers, how the case should be
represented as a set of arguments, not just a list of factors.

The circumstances of a case ¢ € C is a set of arguments, {ay,...,a,}. Each
argument a is a propositionally-labeled tree, rooted in a decision, 6(a), with leaf
propositions, v(a) recognized as evidence (uncontested assertion) in the case,
and each internal node arguable using the defeasible rules of the argument, p(a).
The set, v(c) = U,,c. ¥(a:), collects all the evidence used in all the arguments
of the case, and should correspond to the factors of the case, ¢(c).

For example, the argument tree

a=<d,<< f1,< fa, f3 >>, fa >>

is a tree rooted with the decision d, with evidence v(a) = {f2, f3, f4} and the
two rules p(a) = {fo A fs —> fi, fi A fa —> d}. 8(a) = d. fi is an internal
node labeled with an intermediate proposition.

A rule grounded in a case, ¢ is any

Apr—d

such that D C ¢(c). But not all grounded rules are permitted generalizations.
Some such rules have excessive specificity. In defeasible reasoning with implicit



defeaters, the specificity of the antecedent of a rule determines what rules it can
defeat; not only is a narrow generalization less broad than should be extracted,
but it is also implicitly stronger than conflicting rules that ought to be its peer.
Meanwhile, some grounded rules might have insufficient specificity, which is
equivalent to too broad a generalization. Overly broad generalization is less of
a problem for defeasible rules than for deductive rules (because more particular
exceptional circumstances can be governed by more specific contrary rules) but
such a rule may still be unwarranted.

We define the set of rules, R*(c), that are proper elisions of the case, < ¢,d >:
this defined inductively as the smallest set that contains as subsets:

1. {Av(c)—d}.

2. {NA—B)+—d |
NAr—de R*c),
da € ¢,AB' Cv(a):
0(a) = —d,
B =B'UUiea. (o) ¥(),
BNUig(e—ayv() = {}
B'#{},

where A.(a) is the set of arguments in ¢ that are dialectically relevant to a,
i.e., any counterarguments, their counterarguments, and so forth. Le., A(a) =
p{a' | a'>a, or Ja" € A(a) : a'>a"}, where p denotes the smallest (inductively
defined) set satisfying the equation, and [> is the counterargument relation.

Case 1, the base case, the maximally specific rule of the case, says that
one may collect all the evidence from all the arguments for the decision of the
case and conjoin their evidence as the antecedent any argument arguing for the
decision of the case.

Case 2, the inductive case, says that an extracted rule can be weakened by
removing any factor from the antecedent that participates as evidence only in
an argument contrary to the decision. This is essentially the consideration of
Ashley, taken into the more detailed representation of cases that permits a more
nuanced look at factors (a factor may participate in an argument pro and in an
argument, contra at the same time). However, the set B of factors that must be
removed includes, in addition to some evidence of the contrary argument, all
evidence participating in its counterarguments (and so on). This is because we
can no longer guarantee that the factor of a reinstating argument is relevant,
once the counterargument is no longer possible. (This expression actually makes
some simplifying assumptions, but is appropriate for this level of exposition.)

For example, the case might decide d=banning political signs on private
houses abridges free speech (e.g., Ladue v. Gilleo) on the grounds that it is
—wy=not content neutral, and — fo=does not provide alternate means of commu-
nication, the evidence for which is vs=ban does not provide alternate times or



manners. A counterargument that is considered in the case, was that fo=does
provide alternate means of communication because va4=home owners may place
political signs elsewhere and fs=a sign has the same impact wherever it is placed,
with evidence vg=the content of a message is unchanged when it is moved. A
counterargument to the counterargument holds that —fs=residential signs are
a uniquely important and distinct medium of expression because vy=location of
the sign provides information about the identity of the “speaker”.
The rules used in arguing the case, |J,c.p(a) = p(c) are:

U1 /\"fz —d
v3 — o

Vs A fs — f2
vg — [5

vr — fs5 .

The proper grounded elisions are just:

/\{_11}17’0371)471)67’07} —d
/\{_‘1}171)371}4} —d
MN—v1, 03,06} — d
/\{"?}1,1)3} —d.

The monotonicity property in the calculus of arguments that permits the
proper grounded elisions is: if an argument is persuasive in the presence of a
counterargument, then it must also be persuasive without the counterargument;
moreover, if an argument is persuasive in the presence of a set of counterargu-
ments, then it is persuasive in the presence of any subset of those counterargu-
ments.

With a better notation for operations on trees, the set of proper elisions can
include non-evidential extensions and elisions of defeasible rule antecedents, and
defeasible rule consequents that are not the decision of the case, but are inter-
mediary decisions that are mandatory for any who would accept the reasoning
of the case. The inductive definition above also ignores the possibility of cutting
the “dialectical tree” at deeper levels, and it is a bit restrictive in the require-
ment that the elided evidence occur only in the omitted argument (it could
presumably also occur in an argument omitted earlier in the induction).

The legal theory formation problem is now the extraction of a set of rules,
R C R*(c) such that for each case < ¢;,d; >€ C, d; is defeasibly warranted
under R, i.e.,

V<e,d>eC:v(c)—»rd,

i.e., some R that is a sufficient subset of grounded proper elisions of the cases.

Roth-Verheij and Prakken-Sartor, among others, give even more nuanced
analysis of reasoning with cases. Our purpose here is to stay as close to scientific
theory formation as possible.



8 Observations Toward Legal Theory Formation:
Model II1

The rules that underlie the arguments used in the cases must belong to a back-
ground theory, B, where J.ccU,c.p(@) C B. These are the rules so far
recognized; the judgements of the cases are a source of law that augment these
rules. As in scientific theory formation, the background theory may influence
which generalizations are permissible, and considerations of simplicity and co-
herence may cause revision of B in light of generalization from C.

We have seen that the difference between scientific and legal theory formation
begins with a different attitude toward error, even before the logical difference
(defeasible versus deductive) rules must be encountered. Not surprisingly, the
improvement of the scientific reasoning model (e.g., Kyburg) pays close atten-
tion to error and predictiveness, where probability is the main tool, while the
improvement of the legal reasoning model pays close attention to improper over-
generalization and improper under-generalization, where defeasible argument is
the controlling idea. In law, the strict attitude toward error is made possible by
defeasibility. In science, the quantification of error (and predictiveness) is made
possible by probability.

In science, the generality of the rules is treated as a consideration of sim-
plicity. Simplicity on its face is not even a primary consideration in legal theory
formation, as the emphasis is on determining the entire set of permissible gen-
eralizations supported by a set of cases. Were the set of rules to be published
explicitly, as a revised code, it would make sense to prune “unneeded rules.”
These can be defined trivially as rules that are subsumed by more general rules,
where the general rule is not likely to be countered in a way that makes relevant
the more specific rule (a theory of “likely relevant countering” can be provided).
It is probably correct to extract just those grounded proper elisions that cor-
respond to complete removals of arguments, rather than removals of parts of
arguments. However, the law returns to reasoning upon cases precisely because
unanticipated, unlikely interactions occur, and these unlikely interactions are
the more nuanced elisions.

In the defeasible reasoning community, it has long been suggested that the
more the defeasibility, the less simple or less cogent the overall set of rules.
This is only partly true. A sequence of rules that can, in the appropriate
circumstances, defeat each other is indeed suspect for unneeded complexity,
e.g.

a — z, but

aAb+— -z, but
aANbAc+— x, but
aANbAcAdr+— —z, but
aANbAcNdNer— z, ete.

If such a cascade of exceptions to exceptions were unmotivated and could

10



be replaced with a less hierarchical set of rules, where the same set of cases
could be fit by making distinctions on other factors, it would be desirable to
improve cogency by making that replacement. However, we find in the law many
examples of well motivated cascades of exceptions, precisely because there are
principles that come into conflict. It is not always desirable to simplify when
simplification deletes the legitimate expression of a right, privilege, or obligation.

A better next step in the improvement of models of legal theory formation
would consider the relation between principles and generalizations. One strat-
egy for simplifying rules is to introduce new dimensions for cases. A set of cases
may seem to have no clear general pattern of decision until a new concept such
as “contributory liability” or “knowable interchangeability” permits reorganiza-
tion of the cases. Often, however, these dimensions are artificial, and are chosen
for their practicability rather than the social values they promulgate, for exam-
ple, “third strike.” I propose that a legal theory is more cogent than another
if its rules are aligned with broader social principles. “No vehicles in the park”
is a good rule to add to a legal theory if it is the particularization or instanti-
ation of more general principles regarding fair sharing of public resources, not
just because various special interests each have separate grounds for restricting
vehicles from parks, all of which can be collected under the umbrella of the rule.
A rule that is a special case of a general principle adds to the validity of the
theory even if it creates organizational havoc. Properly tailoring rights so that
they are neither too broad nor too narrow may just require a lot of rules arrayed
in hierarchies of potential exceptions.

For scientific theory as well as legal theory, much needs to be done mathe-
matically in the modeling of coherence (or cogency).

This paper has attempted a side-by-side comparison of two of the most im-
portant forms of induction. Scientific theory formation gives primacy to the
rules, and uses cases to identify optimal rules. Rules would be simple, few, and
aesthetically pleasing if not for the empirical evidence, which causes asymme-
tries, non-linearities, and hidden variables. God knows why the rules are the
way they are (or for that matter, why deductive logic is preferred). Rules reflect
nomological reality. Optimal fit is a heuristic for uncovering that reality. Legal
theory formation takes cases (actual or hypothetical) to be deontically primary,
and induces rules only as a practical compilation of edict. It does so for the
purposes of prescriptive clarity, structural discovery, or linguistic brevity. Rules
are as numerous and as complex as they need to be, in order to depict the
principles that justifiably differentiate circumstances. The moral and political
intuitions contained in the cases almost always require a flexible logic, such as
defeasible reasoning, and a detailed representation of why a case was decided
the way it was.

11



9 On Machine Learning and The Proper Mod-
eling of Phenomena

Modern machine learning attempts to erase all distinctions between various
kinds of induction from data, as if all learning from cases can be expressed as
the selection of features followed by the determination of an appropriate set of
separating hyperplanes in that feature space. In this recent research programme,
the intellectual question is no more than what is the preferred mathematical
transformation of feature space that permits convenient re-representation of
data, e.g., what is your favorite kind of nonlinear support vector kernel?

Few things could be more historically or intellectually insulting. There are
different purposes for different kinds of induction and in a few cases, notably,
the cases of scientific induction and legal induction, the modeling of the nuances
has led to great ideas in the history of logic and reasoning. This reductivist trav-
esty of induction is not actually the fault of the mathematical or computational
emphasis of the machine learning field. Computational and mathematical mod-
eling are valuable exercises, especially when they enable automation or improve
the clarity of discussion. The intellectual vacancy we see in machine learning is
the direct result of an unwillingness to study the phenomena first, before doing
the mathematical modeling.

In this paper, the objective has been to develop and compare mathematical
formulations worthy of law and science, without discarding the essence of either.
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