Graphs: Minimum Spanning Trees;
Prim’'s Algorithm

m Minimum spanning trees (MST)
m Greedy strategies
m Prim’s Algorithm for MST
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Minimum Spanning Trees|

m G = (V, F), undirected weighted connected graph

— weighted: for each (u,v) € E, w(u,v) is the weight
of (u,v), w is a real valued function defined on F.
For simplicity, assume weights are distinct.

— example
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Minimum Spanning Trees (continued)

m Spanning tree: connected acyclic (tree) subgraph
that connects all vertices

m Minimum spanning tree 7:  a spanning tree of
minimal weight,

w(T)= Y w(u,v) < total weight of any other span.|tree
(u,0)eT
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Minimum Spanning Trees (continued)

m The MST 7T has optimal structure: if par-
titioned into two trees, Ty and Ty (by removing an

edge), these trees are MSTs for the corresponding sub-
graphs of G, G; = (V;, E;), where for i = 1,2,

Vi = {wertices of T;}, E; = {(u,v) € E : u,v € T}}

Claim: T; is MST of G;, 1=1,2.

Let: (u,v) be the edge removed.
Assume, for example that Tj is not MST for (G,
so there exists MST T™ of GG¢, and

w(T*) < w(T)
But then 71" will not be optimal since
w(T) = w(Ty)+w(u,v)+w(Ty) > w(T*)+w(a, b)+w(Th)

and the right-most expression is the weight of a span-
ning tree obtained by replacing 77 with 7™ in 1", at the
appropriate vertex of (u,v).

This contradiction comes from the assumption that 7}

1s not MST for Gy.
Similarly we can proof 15 is MST for GGs.
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MST Problem

m Input: G = (V,F), connected, undirected,
weighted

m OQutput: MST T of G

m Greedy Strategy Make local choices, that brings
you immediately closer to the goal.

m In MST problem, greedy strategy always selects from
a “pool” of available feasible edges the one with min-
imal weight to be added to the tree being built.

Important: the greedy strateqy produces the MST.

m Greedy strategy, in general (for other problems), does
not quarantee optimality.

For example, consider a problem of constraint optimiza-

tion:

Given a set of integers S, find a subset S* which has

total sum < than a given W, and the total sum is

maximaly:.

Let S =1{2,3,4}, and W = 5. A greedy strategy gives

a solution {4}, while the optimal is S* = {2, 3}.
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m Generic greedy MST algorithm
Maintains a partitioning of V' while T" is being built:
Start with T" with no edges, Vi = s, one vertex.
Vi will be set of vertices adjacent to edges in T,
V' — Vi, the rest of the vertices.
Build 7" one edge at a time.
Each time select [ightest edge from the pool of free edges
that are adjacent to vertices in Vi, and add it to 7T

GenericM ST(G, s)

T=0
Vr = {s}
while V7 7£ V

find the lightest edge (u,v), s.t. u € Vp,v € V = V]
add (u,v) to T
add v to Vp

return T’

3

This is a greedy strategy (we make locally optimal
choice, adding the lightest edge connecting to T)

Is it optimal? Does it produce MST?

Clearly, this will produce a spanning tree (all vertices
will be eventually “spanned” by the tree).

Why MST? This is the question we answer next.
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m MST property Let G = (V,E) be connected
weighted graph. Let U C V. Then if (u,v) is the
lightest edge s.t. w € U andv € V — U (safe edge),
then there is MST that includes (u,v) as an edge.

Proof, by contradiction. Assume, there is no MST con-
taining (u, v).

There is MST T s.t. uw and v are vertices of edges in
Ti. In 17, there is a path p; from u to v.

When we add (u,v) to the path, we obtain a cycle in
GG. There is an edge in (uy,v1) in py, s.t. up € U and
v1 € V — U (otherwise p; won’t connect u and v).
Now in pq, substitute (u1,v;) with (u,v) — this gives
a new path, p, which contains all vertices of py, and is
acyclic.

In 77, replace p1 by p. We obtain a new spanning
tree, T. Since (u,v) is the lightest edge connecting
U and V — U, and p and p; differ only by the edge
(u,v)/(u1,v1), the weight of T' is less than the weight
of T7. Contradiction!

m Correctness of greedy MST  follows easily by
observing that at each step the algorithm keeps MST
on the corresponding subgraph.
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Prim’s Algorithm for MST

m Introduction
— One of the most famous greedy algorithms.
— The alg. assigns keys to V

— As T is being built, a version of priority queue, @),
keeps track of the partition of V.
In particular V' — Vp is maintained as ().

Min priority queue: children larger keys than parent
key, so min key is on top. As V7 is being grown. For
v € Q, keylv| is the lightest weight connecting v to
Vr.
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— Initially @ = V, and all key|v] = oo, except one
source s, key[s] = 0.

The vertex, u, with lightest (safe) edge is kept in the
top of the queue, important auxiliary information
kept for that vertex is also the vertex m(u), such

that (m(u),u) is potentially the new edge that is
added to the MST being built (if w(u) # nil).

For each vertex the information kept is

(keylv], v, w[v]).

At each step the top element is removed from @) by
ExtractMin, () is maintained.

Next the keys and parents to all vertices adjacent
to u which are still in () are updated if appropriate.
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m Prim’s algorithms

PrimMST(G,w, s)
T=10
for eachv eV
keylv] = oo
keyls| =0
m[s] =nil
\\ initialize Q =V
MakePriorityQueue(Q,V)

\\build the MST edge by edge
while not Empty(Q)
u = Extract Min(Q)
if  7lu] # nil
T =TU (u,mu))\\ add new edge

\\update @
for each v € Adju]

if v € and w(u,v) < key|v]
\\ set keylv] = w(u,v), wjv] = u
Decrease Key(Q, w(u,v), v, u)
return T
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m Example
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m Time complexity For each vertex in () keep a bit,
L, if v is in @ (so O(1) to test if condition in
while , and update bit)
T(n,m) =nTi(n)+nTe(n)+mTpn)+mTgn)
where

—Ti(n) - time to insert in Q.
[f binary heap used Tj(n) = O(log n).
—Tg(n) - time to extract min and maintain Q.
[f binary heap used Tg(n) = O(log n).
—Tp(n) - time to decrease key of element in Q.
[f binary heap used T7(n) = O(log n).
—Tg(n) = O(1) time to do the if test in

while
Thus for binary heap implementation
T(n,m) = nO(log n) +nO(log n) + mO(log n) + m(
= O(nlog n+mlog n) = O(mlog n),

since for a connected graph n — 1 < m

For implementation using Fibonacci heaps it can be
shown that the time is O(m + nlog n) which is bet-
ter (linear in m).

N/
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