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Motivation|

m We have used trees to organize data elements in var-
ious data structures. Trees are examples of graphs.

m Graphs are commonly used to model a real-life prob-
lems involving discrete entities and relations between
them. For example, graphs are used to represent and
study:

transportation networks
communication networks
parallel computer architectures
circuit design

biological evolution of species

o Ot W=

cultural and language relations between communi-
ties and peoples

7. genealogy of a family
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Graphs: Definitions and Terminology]

m Undirected Graph: G = (V, F)
—V =A{v1,v9,...,0,} - finite set of vertices (nodes)

— E ={e1,eq,...,en} - set of edges.
E defines symmetric, nonreflexive binary relation
onV, ie., foree F,
e = (u,v) , where u,v € V, and
(u,v) = (v,u) (symmetric), and (v,v) ¢ E (non-
reflexive), no self-cycles.

If e=(u,v) € F:
uw and v are adjacent, e incident on v and v.

degree of v € V is the number of edges incident on v.
Example:

V =1{1,2,3,4,5,6}, E={(1,2),(1,5),(2,5),(3,6)}
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Graphs: Definitions and Terminology (continued)

m Directed Graph (digraph): G = (V,F) is a
graph in which the edges are ordered pairs.

The edges have direction.

Ife=(u,v) € k:

does not necessarily imply (v,u) € E.

e is incident from w. e is incident to v.

in-degree of v € V' is the number of edges incident to

v.

out-degree of v € V is the number of edges incident

from v.

Example: G = (V, F)
V =11,2,3,4,5,6}

E =1(1,2),(2,2),(2,3),(2,4),(2,5),(4,1),(4,5),(5,4), (
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Graphs: Some Terminology|

m Weighter graph:  Associate weights (cost) with
the edges.

m G=(E,V),m=|E|,n=|V], then m < n?*

m Sparse graph: m much less than n?.

m Dense graph: m close to n°.
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m Path: an alternating sequence of vertices and edges
beginning and ending with vertices, and in which no
vertex is repeated,

Ex: p =< v9,v1,v3 >= v, (g, v1), v1, (v1,V3), V3.

m Reachable: v is reachable from w, if there exist a
path from u to v.

m Cycle: a closed path (begins and ends with the
same vertex).

m Acyclic graph: a graph with no cycles

m Connected graph: every two vertices are con-
nected with at least one path. Connected components.

m Strongly connected: a digraph in which every
two vertices are reachable from each other

m Tree:  connected acyclic graph; rooted tree is the
type of tree we have used
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Graph representations|

m Adjacency-list: G = (V, FE) is represented as an
array Adj of lists, one list for each vertex u € V,

u €V, Adjlul = {v € Vl|(u,v) € F}

The storage needed: O(max(n,m)) = O(n + m).
[t G is directed

Y. Adjlul = |F|.
ueV
If (G is undirected
> Adjlu]l = 2|F)|.
ueV

Advantage: good use of memory for sparse graphs.
Disadvantage: no quick way, i.e., O(1), to check if par-
ticular edge exists.

See Fig. 23.1 and 23.2 in textbook.
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Graph representations (continued)

m Adjacency-matrix: G = (V, E) is represented as
V| x |V| matrix A = (a;;) such that

Qi = L, 1f(Z,]> c b
a;; = 0, otherwise.

Requires ©(n?) space.
For undirected graph, A is symmetric, has zeros on
main diagonal, so enough to store only elements above
the main diagonal.
Disadvantage: waste of memory for sparse graphs.
Advantage: O(1) to check if particular edge exists. See
Fig. 23.1 and 23.2 in textbook.
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Use of Graphs to Model Real-life
Situations

Graphs are used to model problems in CS, EE, Chem-
istry, Operations Research, Political sci, Economics,
Biology, Linguistics,...

To model real-life problems with graphs, first must rep-
resent the physical structure of the problems as graphs:
every member of the collection becomes a vertex, the
edges represent relations between the objects.

m Transportation networks

Airlines, auto-transport, oil pipelines network.
Vertices: cities; edge exists between two cities, if one
can get from A to B by a direct flight.

Can associate weights: money, distance, amount of
cargo .

Can one get from any source to any destination?
What’s the route with minimal stopovers between any
two airports?

m Communication networks : telephone, computer
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m Precedence graphs are used to model precedence
relations that exist between tasks necessary to accom-
plish a job.

Fach task is a vertex. A direct edge (u,v) exists if u

must be completed before v.

Examples: (1) a robot operating in unknown envi-

ronment must perform sensing, perception, and action

(they must be executed in this order); (2) CS course

requirements for completing a degree at WU; (3) mod-

eling computations.

Given a precedence graph a common problem is produc-

ing a viable schedule of the tasks involved (may impose

additional restrictions)

m The UNIX make utility Modularity and separate
compilation in modern programming languages re-
quire keeping track of dependences between modules
in a softwares system.

In UNIX make manages the complexity of of large pro-

grams. Using make one can automatically rebuild an ex-

ecutable version of the big program after some changes
have been made in some modules.

make uses graph representations and algorithms to do

that.
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Graph Problems

m Connectivity and connected components

Is G connected? If not how many different connected
components there are?

In a comm. netwk: Can every person send a message
to every other person?

In a transport. netwk: Is it possible that any vehicle
be moved between any to locations?

m Reachability and Shortest path

Can v be reached from w? In undirected graph, if we
have established that G is connected, then done.

In comm. netwk: [s it possible that one person sends
a message to another one?

In transport. netwk: Is it possible to move from one
location to another?

In evolution: Is a species descendant of another
species?

Even if we have established, that u is reachable from v,
it may be important to find the shortest path from v to
u.
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Variations of shortest path: find a shortest path from a
given vertex to all the rest; find shortest path between
all possible pairs.

In transport. networks: go from one place to an-
other with min stopovers.

m Spanning trees

A spanning tree is acyclic subset of E that connects
(spans) all the vertices of G.

If the graph is weighted one looks for minimum span-
ning tree (with min total cost).

Application: Design a railroad transportation system
that connects all cities on a given map and uses min
amount of track. First, model the map as undirected
egraph with weights distances, then find the minimum
spanning tree.

m Topological Sorting

Performing a topological sort on a precedence graph is
a way of solving the scheduling problem (or establishing
that it is unsolvable).

The input to the problem is directed acyclic graph, the
goal is to produce an ordered list of vertices such that
if F contains the edge (u,v), then u appears before v
in the list.
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m Konigsberg bridge problem | Euler, 1763 — origin
of graph theory.

Two islands formed by Pregel River were connected to

each other, as well as to opposite banks using arrange-

ment of 7 bridges

Devise a route that starts from any of the land areas,
crosses each bridge exactly once, and returns to the
starting point.

Euler elegantly proved that no solution exist by formu-
lating it as a graph problem (land areas are vertices and
bridges are edges).

As a graph problem: Find a closed walk that visits
every edge exactly once.

Such graphs are called Fuler graphs.

Euler’s proof: A graph is an Euler graph iff every vertex
has even degree.
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