Dynamic Set ADT. Binary Search Trees|

m Motivation.

m [mplementation with Binary Search Trees (BST)
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Motivation|

m Full set of operations:
— Min
— Max
— Predecessor
— Successor
— Insert
— Delete
— Search
m Implementation

— Linked lists: most expensive, search, is O(n), where
n is number items in the list;

— Array (sorted): search can be O(logn), but insert
is O(n)

— Using data structures based on binary trees: all op-
erations are O(h), where h is the height of the tree.
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Binary Search Tree (BST)|

m Binary Search Tree is a data structure whose ele-
ments are organized in a binary tree (BT) and satisfy
the binary search tree property (BSTP):

BSTP : for any non-leaf x, key(z) < key(y) for y in
the left subtree of x, and key(z) > key(z), for z in
the right subtree of z.

Note: (i) key values on the same level are sorted; (ii)
for fixed n, max height, n — 1, is obtained when the n-
node tree is degenerate, and min, logn, when the tree
is nicely balanced.
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Traversal Orders

m visit means visit the node and execute specific
operations at the node.

m Preorder : visit the root, then left subtree, then
right subtree;

m Inorder : visit the left subtree, then the root, then
right subtree;

m Postorder : visit the left subtree, then right subtree,
then the root.

m Implementation is easy by recursive procedures

m Example | traverse 'inorder’ tree rooted in a vertex
v, n > 1.
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Traversal Orders (continued)

m Pseudocode for inorder traversal

Inorder(v) {
if (v is a leaf)
visit v
else
Inorder (left child of v)
visit v
Inorder(right child of v)
}

m Theorem Given a BST, T, Inorder visits the nodes
in sorted order.

Proof: by induction on h using BSTP.
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Implementing Query Operations

m Search a BST for a key k. return the node contain-
ing k.

Search(BST rooted in v, key k) {
if ( v == nil or k == key(v) )
return v
if (k < key(v))
Search(Left(v), k)
else
Search(Right (v) ,k)

The vertices encountered during any search form a path
from the root towards a leaf.
Time complexity: in worst case we'll traverse the

longest path. Thus the Search is O(h).
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Implementing Query Operations (continued)

m Maximum ( or Minimum) of a BST rooted at a
vertex v.

Note that min is at the left-most node going down left
from the root (it dies not have to be a leaf); the max is
at the right-most node going down right from the root.

Maximum(v) {
while v 1s not nil
v = Right(v)
return v

¥
Time complexity: O(h).
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Implementing Query Operations (continued)

Predecessor of a node v in BST, is the node which

immediately precedes v. The ordering is with respect
to the sorted order of the keys, which for BST is same
as the inorder ordering.

You may look for a predecessor by key, in this case, first
you first would search the tree for the node v which

contains the key, and then look for the predecessor of
v.

Observation Let v be a node in BST which has a pre-

decessor. Then:

— If v has a left subtree, predecessor of v is the
max in this left subtree .

— If v does not have a left subtree, then the prede-
cessor of v is the most recent ancestor of v which
contains v 1 a right subtree, i.e., the lowest an-
cestor of v whose right child is also ancestor of
v. Note, v an ancestor of itself.
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Implementing Query Operations (continued)

Pseudocode Find the predecessor of v in the tree rooted
in r. If it exists, it is either the max in the left
subtree of v, if it left(v) exists, or it is the lowest
ancestor, p, of v whose right child is also an ancestor
of v (in this case, from v go up the direct path to
the root till you hip p).

Predecessor (BST rooted in r, vertex v)
if (Left(v) is not nil)
return Maximum(Left(v))
p = Parent(v);
while (p is not nil and v == Left(p)) {

v=2"5

p = Parent(p)
¥
return p

m Successor is similar. The equivalent of the cases
of the observation are that either the successor is the
min in the Right subtree (if the right subtree exist),
or it is is the lowest ancestor whose left child is also
ancestor.

m Time complexity for both is O(h).
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Insertion and Deletion|

m Insert To insert and item with a new key do 3 steps:
1. Create the object to hold the key and the data

2. Find the place in BST where the new object has to
be inserted.

To do this do Search for the key, this search even-
tually will encounter nil at some vertex.

3. The new object should be attached to that vertex,
making a new leaf as left or right child depending
on the key value.

Note that this way new items are inserted only as leaves.

Example of insertion
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Insertion and Deletion (continued)

Pseudocode assume that new object has been created,
and a pointer to it w is passed as argument to the
Insert procedure

Insert (BST rooted in v, vertex u) {
//if the tree is empty make the new root
if v == nil
make the root u
else //search till hit nil or find key
while (v is not nil and
key(v) is not equal to key(u)) {
1l =v // keep track of parent
if key(u) < key(v)
v = Left(v)
else v = Right(v)
by
if key(u)==key(v) return // stop, do not
if key(u)<key(l) Left(l)=u
else Right(1l)=u
by

Time complexity: clearly O(n)

insert
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Insertion and Deletion (continued)

m Delete To delete a node with key k from the tree
rooted in v do the following:

1. Search for the k. If £ is not found do nothing.
2. It k found, let u denote the vertex with key k.

3. Remove the node with key k. There are three cases:
deleting a leaf; deleting a vertex with one child;
deleting a vertex with 2 children.

case 0 u is a leaf; deleting a leaf is trivial.

case 1 u has one child; deleting is simple: reconnect cor-
responding pointer from parent of u to the child of
u.

case 2 u has 2 children; deleting: (i) replace (swap) u
with its inorder predecessor, and (ii) delete the node
of the predecessor.

Since © has two children, the predecessor is max in the
left subtree, so deleting the node of the predecessor
brings us to one of the two previous cases.

Time complexity : For locating the vertex to delete
and removing it O(h)
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Insertion and Deletion (continued)

Example of deletion

Example Build a BST from (A, Z, B, Y, C, X, d) in this
order.
So other approach: for a randomly constructed BST,

BST with random insertions, on average search
takes O(logn) for query operations.

Or: restrict somehow the height of the BST to O(log n),
all operations will be O(logn).
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Pseudocode for deleting a node u from BST rooted in
v

Delete(BST rooted in v, vertex u)
if v == u // single node, make empty tree
make root nil and return
else
p = Parent(u)
if Left(u) == nil and Right(u) == nil // case 0

if Left(p) = u
Left(p)=nil

else
Right (p)=nil
return
if (Left(u)==nil) // case 1

if Left(p) = u
Left (p)=Right (u)

else
Right (p)=Right (u)
return
if (Right(u)==nil) // case 1

if Left(p) = u
Left (p)=Left(u)
else
Right (p)=Left (u)
return
// case 2
1 = Maximum(Left (u))
copy data from 1 to u
Delete(v,1)
return
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